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Abstract: Wc study the algebra of BPS Wilson loops in 3d gauge theories with Af = 2 supcrsymmetry 
and Chern-Simons terms. We argue that new relations appear on the quantum level, and that in many 
cases this makes the algebra finite-dimensional. We use our results to propose the mapping of Wilson 
loops under Seiberg-like dualities and verify that the proposed map agrees with the exact results for 
expectation values of circular Wilson loops. In some cases we also relate the algebra of Wilson loops to 
the equivariant quantum K-ring of certain quasi projective varieties. This generalizes the connection 
between the Verlinde algebra and the quantum cohomology of the Grassmannian found by Witten. 
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1 Introduction 

Despite impressive evidence for Seiberg duality for Af = 1 d = A supersymmetric gauge theories [1], 
its physical origin remains somewhat mysterious. To clarify it, it would be helpful to understand 
how Seiberg duality acts on Wilson loop operators. In this paper we attack a different but related 
problem: we determine how Wilson loops map under the Giveon-Kutasov (GK) duality which relates 
Af = 2 d = 3 Chern-Simons-matter theories. Just like the 4d Seiberg duality, the GK duality exists 
for all classical gauge groups. In the unitary case, the "electric" theory has gauge group U{Nc) at 
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Chcrn-Simons level k and Nf fundamental flavors, while the "magnetic" theory has gauge group 
U{\k\ + Nf — Nc)-k and Nf fundamental flavors (as well as some singlets). Clearly, this looks very 
similar to the 4d Seiberg duality. But this is more than mere similarity. The GK duality can be 
regarded as a consequence of another Seiberg-like duality proposed by Aharony [2] which relates 
Af — 2 d ~ 3 theories without Chern-Simons terms. In turn, the Aharony duality is related to 4d 
Seiberg duality via compactification on a circle [2]. We hope that understanding the mapping of 
Wilson loops under the GK duality will help to determine the corresponding map for the Aharony 
duality, and then perhaps for the 4d Seiberg duality. 

The GK duality has several simplifying features compared to the 4d Seiberg and Aharony dualities. 
First, by adding a suitable superpotential, one can deform it into a duality for A/" = 3 d = 3 theories 
which are superconformal not only on the classical level, but quantum-mechanically. We will argue 
that properties of supersymmetric Wilson loops are not affected by this deformation. Second, in the 
special case Nf = the GK duality reduces to the familiar level-rank duality of Chern-Simons theories 
without matter, and one can hope that the intuition gained from studying the level-rank duality will 
be helpful. Third, in the case when the gauge group is unitary, one can relate the GK duality to 
dualities for 2d topological field theories. In the case Nf ~ this was recognized a long time ago by 
Witten [3]. 

A crucial point is that BPS Wilson loops in TV = 2 d = 3 gauge theories form a commutative 
algebra. Our approach is based on determining the algebra and then observing that there is a natural 
isomorphism between "electric" and "magnetic" algebras of Wilson loops. Then we show that nor- 
malized expectation values of Wilson loops related by this isomorphism coincide. This provides strong 
evidence that the isomorphism is indeed the duality map. 

To give some flavor of our results, we consider the example of a [/ (2) theory with a Chern-Simons 
term at level k and Nf fundamental hypermultiplets, and let us analyze the cases with k + Nf = 4. 
In the case fc = 4, Nf = 0, this is a pure Chern-Simons theory, and the Wilson loop representations 
are truncated so that the corresponding Young diagrams fit in a box of size 2x2. Wilson loops 
whose Young diagrams violate the constraint are not independent but expressed through those whose 
Young diagrams do satisfy the constraint. In other words, there are additional quantum relations in 
the Wilson loop algebra that are not explained by classical representation theory. For example, in the 
present case we have a relation (labeling Wilson loop operators by the corresponding Young diagrams): 

cm = 

Level-rank duality asserts this theory is equivalent to a U{2) Chern-Simons theory at level —4, and 
it is well known that the correct mapping of Wilson loop representations is to simply transpose the 
Young diagram. 

If we take Nf = 1, fc = 3, then we will find below a simple generalization of this story, namely, the 
Wilson loops are still truncated to fit in a 2 x 2 box, but this time via a relation: 

rm = -UD + q 

where q = e^^^, with C the FI term of the theory. This is GK dual to a theory of the same type, and 
the isomorphism sends, for example: 
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We see that this is similar to the level-rank duality rule of transposing the Young diagram, although 
with extra terms with fewer boxes appearing on the RHS. Finally, if we take a theory with k = Nf ~ 2, 
then we can give the two flavors opposite vector masses, say, m and — m, and we find the relation: 

cm = -(r + r"i)m +{q- l)n + q{r + r~^) 
where r = e^'^™, and the duality map acts by: 

Our determination of the algebra of Wilson loops makes use of the exact formulas for their ex- 
pectation values derived in [4]. Another possible approach is to compactify the 3d theory on a circle 
and argue that the algebra of Wilson loops is isomorphic to the twisted chiral ring of the 2d effective 
theory. For Nf ~ this approach relates the Verlinde algebra of U {Nc) to the quantum cohomology 
of a Grassmannian, as in [3]. It turns out that for Nf > one obtains a relation between the algebra 
of Wilson loops and the equivariant quantum cohomology of a certain vector bundle over a Grass- 
mannian. The latter has not been computed in general, as far as we know, so our computation of the 
Wilson loop algebra provides a prediction for it. GK duality also implies that equivariant quantum 
cohomology rings of two natural bundles over the same Grassmannian are isomorphic. 

A.K. would like to thank Kentaro Hori for a useful discussion which contributed to our understand- 
ing of section 7. The work of A.K. was supported in part by the DOE grant DE-FG02-92ER40701, 
and that of B.W. was supported by DOE grant DE-FG02-90ER40542. 



2 BPS Wilson loops 

Our main object of interest is a Wilson loop operator in = 2 d = 3 supersymmetric gauge theory. 
An ordinary Wilson loop is defined as 

TrijPexp (i / A^.dx'' 



where 7 is a closed loop in space-time and i? is a representation of the gauge group G. If one is 
dealing with a supersymmetric gauge theory, it is natural to require the loop operator to preserve 
some supersymmetry. An Af ~ 2 d ~ 3 theory has spinor supercharges Qa, a 1,2 and Qa which 
act on the components of the vector multiplct {A, a, A, D) as follows: 

1 _ 

Scr= -(eX-Xe) 
2 

5X = ^-/^"'eF^. -De + ij^eD^^a 

6X = \l''"^F^u + De~i-i^'W^(J 

SD = -frO.X '-D.Xre + ^[6-A, a] + '-[Xe, a]. 

Here e and e are covariantly constant spinors. The usual Wilson loop is not invariant under any 
SUSY transformations. But for particular 7 one can modify the Wilson loop to make it half-EPS. For 
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example, consider a loop operator 

Wr = Tr^Pcxp J {Af.dx'' - iade)^ , 

in ]R2 X wrapping and localized at a point in M^. If we denote by the coordinate along S^, 
then this Wilson loop is invariant if we require 

(73 + 1)6 = 0, (73-1)6 = 0. 

With the usual choice of Pauli matrices, this means that this Wilson loop is invariant with respect to 
Qi and 

Note that an A/" = 2 d = 3 theory on x can be regarded asanA/'=(2,2)(i = 2 theory on 

(with an infinite number of 2d fields representing the Kaluza-Klein excitations). Local operators 
in this theory annihilated by Qi and Q2 are called twisted chiral operators, and it is well-known that 
they form a ring (the twisted chiral ring). From the 3d viewpoint, all elements of the twisted chiral 
ring arise from loop operators wrapping the circle. On the other hand, the 3d chiral ring (i.e. local 
operators annihilated by Qi and Q2) descends to the 2d chiral ring under compactification. 

An important conclusion is that to every Af ~ 2 d ~ 3 theory one can attach a commutative ring 
of BPS loop operators. BPS Wilson loops are examples of such operators, but there may be others. 
While there are no other candidate BPS loop operators on the classical level, on the quantum level one 
also needs to consider disorder loop operators, such as vortex loops [5, 6]. On general grounds, it is not 
obvious if BPS Wilson loops form a sub-ring or not. Nevertheless, unless the semi-classical intuition 
is completely wrong, a product of two Wilson loops cannot contain a disorder loop operator, and 
therefore Wilson loops must form a sub-ring. This is also suggested by the matrix model computing 
the expectation values of circular Wilson loops on [4, 7]. Such Wilson loops are related to straight 
Wilson loops on provided the theory is superconformal. The matrix model tells us that an insertion 
of two Wilson loops in representations i?i and R2 wrapping two large circles on 5'^ is equivalent to an 
insertion of a single Wilson loop in representation Ri (X) R2 wrapping a large circle on . 

On the classical level, the algebra of BPS Wilson loop is simply the representation ring of the 
gauge group G. The matrix model tells us that all classical relations remain true on the quantum 
level. However, it may be possible that new "quantum" relations arise . Below we will use the matrix 
model to propose in some cases what these new relations are and check that they are compatible with 
dualities. 

It is important to understand the dependence of the relations in the Wilson loop algebra on 
parameters such as real masses nia and the PI parameter C. We will now argue that relations are always 
Laurent series in the parameters — exp(27rma) and q — exp(27r^). Recall that ma and ^ can be 
thought of as expectation values of real scalars in background vector multiplets which couple to global 
symmetry currents (flavor and topological currents, respectively). Upon compactification on a circle 
of unit radius , these scalars are complexified, the imaginary parts coming from the expectation values 
of the background gauge fields along the compactified direction. Af = (2, 2) d = 2 supersymmetry 
requires BPS quantities such as relations in the BPS Wilson loop algebra to depend holomorphically 
on these complex scalars. But since the imaginary parts of these scalars are periodically identified with 
period 1, BPS quantities must be Laurent series in the variables and q. In other words, the algebra 
of Wilson loops should be thought of as an algebra over the ring of Laurent series C[[ra, r^^, q, q^^]]- 
Duality maps must also be defined over this ring. 

It was argued in [8] that the algebra of loop operators in any TQFT must be defined over Z. In this 
paper we are interested in 3d superconformal theories rather than TQFTs. Nevertheless, a suitable 
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modification of tlie argument sliows that in flat space-time tlie algebra of Wilson loops in a generic 
Af = 2 d = 3 SCFT must be defined over the ring 7^[ra,r~-^,q,q~^]. By a generic 3d SCFT we mean 
a 3d SCFT where the IR dimension of scalars in the vector multiplets is 1. To see this, recall that by 
definition a loop operator is a trace of a line "operator" . A line "operator" supported at a fixed point 
p in space and extended in the time direction is not really an operator but a prescription to modify the 
theory at p. For example, in the case of ordinary line operators (meaning, not disorder line operators) 
this modification consists of tensoring the Hilbert space of the theory with a finite-dimensional vector 
space R and modifying the Hamiltonian as follows: 

H ^ H ®1r + AHp, 

where AHp depends only on the values of the fields at the point p. The evolution operator is then 
modified by a factor 

Pcxp (^i J dt AHp^ , 

where t is the time coordinate. The loop operator is the trace of this factor over R. (In the case 
of disorder line operators, one may also require the fields to have a prescribed singularity at p). A 
complex multiple of a BPS loop operator could then be understood as a modification of AHp by an 
additive constant. But now we recall that BPS Wilson line "operators" in a generic SCFT are invariant 
under dilatations, and therefore the line "operator" which appears in their product must have the same 
property. A shift of AHp by a constant would violate dilatation-invariance, and therefore is impossible. 
Therefore a complex multiple of a BPS Wilson loop cannot appear in the OPE of BPS Wilson loops. 
One can nevertheless make sense of multiplication of a BPS Wilson loop by a positive integer n: one 
needs to replace R with R (g) C" and AHp with AHp (g) Ic" . In a supersymmetric theory it is natural 
to take i? to be a Z2-graded vector space and define the loop operator as a super trace of the evolution 
operator. Then the natural operation of the fermionic parity reversal multiplies the loop operator 
by —1. Combining these two natural operations, we can give a meaning to multiplication of a BPS 
Wilson loop operator by an arbitrary integer. Thus we expect that in flat space-time there is a choice 
of generators in the algebra of BPS Wilson loops such that all relations have integral coefRcients. 

The above argument assumed that dilatation invariance is unbroken, and in particular the real 
masses and FX parameters vanish, but it can be easily generalized. The Hamiltonian AHp may depend 
on the expectation values of bosons in background vector multiplets, and to leading order in spatial 
derivatives this dependence must be very simple thanks to supersymmetry and background gauge- 
invariance: 

AHp ^ AHp + ^na{Aat{p) - icTaip)), 

a 

where summation extends over all background vector multiplets, and are integers (eigenvalues of 
generators of the background gauge symmetries when acting on R). If we set the background gauge 
field Aa to zero and the background scalar a a to a constant ma, then such a modification of the line 
"operator" multiplies the corresponding BPS Wilson loop wrapped on a circle of length 27r by a factor 



exp 



Thus we expect that on x 5*^ the coefficient ring of the algebra of BPS Wilson loops is the ring 
of Laurent series Z[[ra, r~^, g, Moreover, since the structure constants of the algebra must be 

well-defined and integral if we specialize the variables and g to 1 (i.e. if we set the expectation values 
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of background scalars to zero), the coefficient ring must in fact be the ring of Laurent polynomials 



In this paper we are actually computing the algebra of Wilson loops on S^, not in flat space- 
time, and moreover localization methods force us to use nonstandard framing for Wilson loops. While 
conformal symmetry allows us to relate circular Wilson loops on and straight Wilson lines on 
M'^, switching to the standard framing introduces additional phases in the structure constants of the 
algebra. However, the dependence on the parameters ma and C is not affected by these framing phases, 
and we expect the coefficient ring on to be the ring of Laurent polynomials C[ra, , q, q~^]. Note 
that this is a somewhat stronger result than what we obtained by compactification on a circle. 

3 Wilson loops in pure Chern-Simons theory 

Let us begin with M ^ 2 d = 3 super-Chern-Simons theory without matter. Such a theory is equivalent 
to pure Chern-Simons theory, since the scalars a and D as well as the gaugino A are auxiliary. Moreover, 
the action for these fields is Gaussian: 



so we can use the equation of motion <t = to see that the BPS Wilson loop is equivalent to the 
ordinary Wilson loop. The algebra of Wilson loops in Chern-Simons theory is known as the Verlinde 
algebra. There are several interpretations of this algebra and accordingly several possible approaches 
to computing it: 

• It is the if^-ring of a modular tensor category (of conformal blocks in the corresponding WZW 



• It is the algebra of local operators in the gauged WZW model [G/G model); 

• In the case G ~ U{Nc), it is the quantum cohomology ring of the Grassmannian Gr{Nc,C}''^) 



All of these interpretations are two-dimensional in nature. For example, the second interpretation is 
based on the fact that Chern-Simons theory compactified on a circle is equivalent to the G/G-model, 
and Wilson loops wrapped on the compactification circle become local operators in the G/G model. 

Wc now explain an intrinsically 3d approach based on the matrix model. The advantage of this 
approach is that it can be relatively easily generalized to Chern-Simons-mattcr theories.^ This will 
involve determining certain "quantum relations" satisfied by the Wilson loop operators. A quantum 
relation in the algebra of Wilson loops is a linear combination of Wilson loops (with integral coefficients) 
which vanishes as an operator in Hilbert space and therefore has zero expectation value on S'^. We 
therefore look for nontrivial vanishing of the matrix integral which computes the expectation values 
of circular Wilson loops on S'^. Each such vanishing gives a candidate quantum relation. 

Some vanishings may be "accidental', i.e. not coming from quantum relations. One can try to 
weed them out in several different ways. First, if a Wilson loop W vanishes, then it should also be the 
case that any expression of the form WW vanishes in order that the relations define an ideal, and 
give rise to a consistent algebra. A priori, there is no reason that the vanishing of the matrix integral 
computing the expectation value of the first expression would imply that of the second, so this is a 

'^In section 7 we will see that the "Grassmannian" approach can also be generalized. 




model) ; 



[9]. 
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non-trivial restriction. Secondly, it has been argued above that quantum relations must involve only 
integer coefficients (perhaps after a suitable redefinition of generators). Another way to do it is to 
study the expectation values of Wilson loops in other geometries, e.g. squashed S^, or lens spaces, 
or X S^. A genuine quantum relation will hold for all geometries. We will consider the squashed 
sphere in section 6. Finally, isomorphism of the resulting algebras across known dualities is a strong 
consistency check, and we will verify this in section 5. 

3.1 Derivation of the Algebra from Matrix Model 

We will now attempt to derive these quantum relations by studying the matrix model which computes 
expectation values of BPS Wilson loops on S^. Consider Chern-Simons theory with a simple gauge 
group G and level fc G Z, with action: 

k f 2i 

Scs = ^ / < A/\,dA + jA,A[AA,A]> 

where < ., . > is the Killing form, normalized so that the longest roots have length 2. As described 
above, one can add auxiliary fields to ensure M ~ 2 supersymmetry, and compute the partition 
function by localization. One finds that it is given by an integral over a in the Cartan f) of G: 

Zck ^ T^J dae-''^'<''^^> n 2sinh7ra(a) (3.1) 

where a runs over the roots of the Lie algebra of G, and we divide by the order of the Weyl group W. 

One can also compute the expectation value of Wilson loops lying along fibers of the Hopf fibration. 
TT : S*"^ — >■ 5^. The expectation value of a Wilson loop in a representation R is given by an insertion in 
the integral of: 

TrRe^""^ (3.2) 

If there are multiple Wilson loops present, one simply includes one such factor in the integral for each 
of them. Note that these Wilson loops have linking number 1 with each other. 

This implies that the product of two Wilson loops enters the matrix model in the same way as 
a single Wilson loop in the tensor product representation. This is also true in general theories with 
matter. Thus, at least at the level of expectation values, the product operation in the Wilson loop 
algebra is identical with the tensor product of representations. Put another way, this suggests there is 
a natural homomorphism from the ring of representations of G (the ring of formal linear combinations 
of representations of G with product given by the tensor product) to the Wilson loop algebra, which 
we denote A, sending a representation to a Wilson loop in that representation, and extending by 
linearity. However, we will see in a moment that there are non-trivial relations satisfied by Wilson 
loop operators - i.e., this map has a non-trivial kernel - and so in general we expect the Wilson loop 
algebra to be some quotient of the representation ring. 

Thus it will first be important to discuss the representation ring of G in more detail. An alternative 
description of this ring is as the ring of class functions on G, i.e., functions which are constant on 
equivalence classes. These functions are determined by their values on a maximal torus, or equivalently, 
as functions /(cr) on the Cartan subalgcbra f) of g which can be lifted to functions on T. Such functions 
take the form: 

/(f7) = ^c,e2-''(-) (3.3) 

pGA 
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here Act)* denotes the lattice of weights of G, and the Cp are in the coefHcient ring, which we 
presently take as Z. To be a class function, this expression must also be Weyl-symmetric. It can 
be shown that an arbitrary such function can be written as a linear combination of traces of e^'^'^ 
in irreducible representations of G, and the converse is also true, which gives a natural isomorphism 
between the two descriptions of R{G). 

Without risk of confusion we may then denote the set of such functions / by R{G). Then we 
denote by R{G) the ring of functions of the form (3.3), but which are not necessarily Weyl-symmetric. 
These are functions on the maximal torus which do not correspond to class functions. We note that 
such functions can also be inserted into the matrix model, although since the rest of the integrand is 
Weyl-symmetric it will only receive a contribution from the symmetric part of /. 

Let us now derive the relations determining the Wilson loop algebra as a quotient of R{G). For 
reasons that will become clear in a moment, it will actually be more natural to determine relations in 
R{G), which determine an ideal I. We can then identify the Wilson loop algebra with the quotient of 
R{G) by the Weyl-symmetric subideal of I. 

With this in mind, consider an insertion of / e R{G) into the matrix model. Without loss, we 
can take / = e'^'^P'^"'^ for a chosen p & A. Then we find: 

^ f,2np{a) J_ f e-fe"<'^-'^>e2'^''('")TT2sinh7ra(cr) (3.4) 

|W| A a 

Now the key point is to notice that the integrand in (3.4) is analytic as a function of cr, and has 
no poles in the complex a plane. Thus it is invariant under suitably mild shifts of the integration 
contour. In particular, consider shifting cr — > cr + ix, where x lies in the coroot lattice, A*. Since this 
is dual to the weight lattice, we see p{x) e Z, and so this leaves the insertion e^'^P'^'^^ invariant. It also 
preserves the product over sinh's. The only change comes from the gaussian factor, and we are left 
with: 

I dcre-'='''<'"''">e'^''''<^'^>e2'''^*('"'e2''''('"'J|2sinh7rQf(cr) (3.5) 
where we have defined i G A by: 

x(cr) =< X, cr > 

Subtracting these two expressions, we find: 

Since this is true for arbitrary p, and by linearity, for e^'^P'-°''> replace by an arbitrary / e -R(G), we 
conjecture that the expression in parentheses actually vanishes in the algebra. Thus we should impose 
the following relations on R{G): 

1 _ gkm<x,x> ^2T7kx{a-) „ q (3 6) 

for arbitrary a; G A*. 

Let us briefly comment on the quantization of the Chern-Simons level k. Given two coroots y, 
we find the relations: 

^ _ ^kTTi<x,x> ^2TTkx{rT) _ g 2 _ QkTri<y,y> ^2Trky(a) _ g (3 7) 
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Since x + y is also a coroot, it also gives rise to a relation: 



1 _ ^kTTi<x+y,x+y> ^2TTk{x+y){cr) _ g (3 8) 

Comparing these, we see that together they imply: 

Since < x,y >G Z, this reproduces the quantization condition A; G Z. This condition is also necessary 
in order for kx to be a weight, in general. Note that when this holds, the phase e'''^''-<^^^> jg simply a 
sign. 

Let us denote the ideal of R{G) generated by these relations by X'. Note that it is fixed by the 
action of the Weyl group on R{G). We then define the pre- Wilson loop algebra A' by: 

A' = R{G)/I{^ 

where the subscript denotes taking the Weyl-symmetric subring of I'. 

There is one more set of relations we must impose to obtain the Wilson loop algebra A. Note that 
the integrand (3.4) contains a factor: 



V := [^(e^''"^'") - 1) 



Q>0 

Note that V is an element of R{G). Running through the argument above more carefully, we see the 
integral will vanish if fV e I' , even if / itself is not. Thus we should further divide by the set of 
elements in A' which give zero when multiplying V.^ This set forms an ideal called the annihilator 
of V, denoted Ann^/ (V) . Alternatively, we can think of this condition as defining a larger ideal I in 
R{G). Thus we define the Wilson loop algebra as: 

A = A'/AnnA'{V) ^ R{G)/Iw 

This extra quotient actually has a simple consequence when we consider traces in irreducible 
representations. Recall that once we pick a choice of positive roots, these representations are labeled 
by dominant weights p, and the trace in a representation with highest weight p is given by the Weyl- 
charactcr formula: 

Tr,(e2-) = (3.10) 
As((J) 

where 6 is half the sum of the positive roots, and Ai^{a) G R{G) is defined for uj E t)* as: 

One can check that the denominator of (3.10) divides the numerator in R{G), and the resulting element 
is Weyl-symmetric, and lies in R(G). 



■^One might ask why we consider only V, when it is actually V'^ which appears in the integrand. One can show in 
the examples of this section that all the elements which annihilate also annihilate V, and we conjecture this also 
holds in the general case. 
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The important point is that the denominator, Ag, is equal to V (up to an overaU monomial factor 
which does not affect the argument). Then the division by the annihilator of V is equivalent to 
imposing the relations (3.6) in the numerator of this expression. In other words, we can write: 

which is equivalent to: 

One gets such a relation for each dominant weight p. To be precise, the weight p + kx may not 
be dominant. One can accommodate this by finding a Weyl transformation w such that p' + 5 := 
w ■ {p + 5 -\- kx) is in the interior of the fundamental Weyl chamber, and replace the second term 
on the RHS by (— l)"'Trp/. If no such w can be found, i.e., \l p + 5 + kx lies on the boundary of a 
Weyl-chamber, then the expression vanishes by antisymmetry. 

In fact, this last description of the algebra is precisely the standard description of the Verlinde 
algebra (see, e.g., [10]). That is, one extends the ordinary Weyl group to the afBne Weyl group by 
supplementing the reflections with translations by kp for p in the weight lattice, and one quotients out 
by these new relations as above. The Verlinde algebra is known to be the algebra of Wilson loops in 
pure Chern-Simons theory, so it is encouraging that we reproduce this result. 

The arguments above may have been somewhat abstract, so let us illustrate them with a few 
examples. 

3.2 Examples 
3.2.1 U{N) 

Consider the example G = U{N). This example is actually slightly outside the scope of the consid- 
erations above, since U{N) is not simple, but the modifications arc minor, and it will nevertheless 
illustrate the key ideas. This will also be the main example we consider below when we add matter. 

We parametrize the Cartan of U{N) by ct = diag(Ai, Xn)- The roots are given by aij{a) = 
Xi — Xj for i ^ j, and the Weyl group is the symmetric group Sn. The Killing form is not unique, since 
the group is not semi-simple, but we can take it such that < a, a >= Xj^ . In addition, because 
U{N) has an U{\) factor, one can include a Fayet-Iliopolous term C,.'^ Then the partition function is 
given by: 

^^W^ rf^Ae-'^-^.^^^+2-C^.^^n2«inh-(A.-A,) 

Next we must discuss the representation ring and Wilson loop insertions. The weights of U{N) 
can be labeled by sequences p — (pi, p^), with pj € Z. If we define Xj — e^'^'^J , then we see 
that R{U{N)) is nothing but the ring of Laurent polynomials in the N variables Xj, and R{U{N)) 
is the ring of symmetric Laurent polynomials. The latter is spanned by irreducible representations 

^This has a very simple effect in the pure Chern-Simons term: when integrating out the auxiliary fields, a is set to ( 
rather than 0, and the BPS Wilson loops are correspondingly weighted by powers of e^'^^ corresponding to their U{1) 
charge. 
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corresponding to dominant weights p, with pi > ... > p^. One can label these by Young diagrams 
with pj boxes in the jth row.^ 

Now consider the insertion of e^'^''^"''' = e^'^^i in the matrix model: 

< e^-Pt'^) >= d^Ae-'="^.^^'+2^<^.^^e2^^.''^^^ J]2sinh^(A, - A,) 

We will now perform the contour shifting argument as above. We take as our coroots x the vectors 
xi = diag(0, 1, 0), with all zeros except a 1 in the ^th position. Shifting cr — > cr + ixi amounts to 
taking A^ — Af + i, and the integral above becomes: 

^ j d^Ae-^-'^. ^^'+2.<^.^'(-l)'=e-2-Ce2.'=^^e2.^^P.^. J]2sinh7r(A, - A,) 

Subtracting these expressions, and noting this holds for general p, we are led to impose the following 
relations on R{U{N)): 

1 - (-l)'^'e^2<e2'^'=^« = 1 - (-l)'^g-ix/ = 0, e^l,...,N (3.11) 

where we have defined q :— e^^'^ . 

At this point we should comment on the coefficient ring we are taking. For ^ = 0, it is natural to 
simply take the integers, as described in section 2. For non-zero C we take the coefficient ring to be 
the ring of Laurent polynomials in the variable q. 

Let us supposed A: > - the case fc < is analogous. Then, given an arbitrary term e^'^P'^"^ = 
Y[j XjP^ , applying this relation iteratively we can rewrite it as: 

{{-ifqT n '^h'^re < p) < k and pj = p) (mod k) (3.12) 

'j 

where n depends on the number of times the relation must be applied. In particular, we can see the 
quotient algebra is finite dimensional over the relevant coefficient ring. 

So far we have determined the ideal I', but we still need to quotient by the annihilator of V , which 
in this case is simply the usual Vandermone determinant (up to an irrelevant monomial factor): 

V ^W{X^- Xj) 

As discussed above, it suffices to impose the relations (3.11) on the Wcyl-antisymmctric functions 
in the numerator of the Weyl character formula, and then divide by V to obtain the inequivalent 
Weyl-symmetric functions. In this case, an antisymmetric polynomial can be expanded in terms of 
polynomials of the form: 

and, as in (3.12), we may restrict to pj such that: 

< pjv < PN-i + K... <pi + N- l<k-l 



*We emphasize the pj may be negative - typically wc only use the Young diagram description when they are all 
nonnegativc. 
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^ < PAT < ... < Pi < fc - iV 

Such p correspond to Young diagrams which fit into a box of size N x (k — N), and there are (^) 
such choices. In general the tensor product of such representations will decompose into representations 
which lie outside this box, but one can always use the relations to rewrite it in terms of representations 
which are contained in the box. In particular, we see the dimension of the algebra is (jl^) , and in 
particular is finite. 

3.2.2 Sp{2N) 

As another example, we can take the group Sp{2N). We parameterize the Cartan of Sp{2N) by: 

a = diag(Ai,...,AAr,-Ai,...,-AAr) 

The roots are given by: 

c«i,j,±,±(o') = ±Ai ± Xj for i < j 

The Weyl group is the semidirect product of the symmetric group Sn with Z2^, where the latter acts 
by flipping the signs of the Xj. The Killing form has < a, a 2 Xj^ . Then the partition function 
is given by: 

Zspi2N), = ^^^ J d^Ae-2^'^'^.^^'n(2sinh7r(A,;-A,))2(2sinh7r(A, +A,))2l](-(2sinh(2^A,))2) 

i<j j 

As above, the weights of Sp{2N) can be labeled by sequences p — (pi, ppj), with pj e Z. 
R{Sp{2N)) is the ring of Laurent polynomials in the Xj = e^'^'^^ , as above, but the Weyl group is 
different here, and R{Sp{2N)) is given by the Laurent polynomials which are symmetric both under 
exchanging the Xi and taking xt — >■ Xi^^. The dominant weights are those with pi > ... > ppf > 0, 
and we can again label these by Young diagrams. 

Repeating the contour shifting argument as above, with A^ — > Af + i, we find the relation: 

1 - e^''''^' = 1 - Xf^fe = (3.13) 

As before, to determine a basis of the algebra, we consider Weyl-antisymmetric functions, which can 
be expanded in elements of the form: 

]lx/^+^+'-' + ... 

3 

where pi > ... > pjv > 0, and the dots represent terms arising from antisymmetrization. Imposing the 
relation (4.12) here, we see we can take all exponents to lie between —k and fc, so that A: — — 1 > 
pi > ... > PN > 0. Thus the algebra is spanned by irreducible representations corresponding to Young 
diagrams which fit in a box of size A^ x (fc — A^ — 1), and has dimension C''^^) over the coefficient ring 
Z. 
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4 Wilson Loop Algebra in Chern-Simons Theories with Matter 



We now extend the argument of the previous section to compute the algebra of BPS Wilson loops in 
Chern-Simons theories with matter. By performing analogous manipulations of the matrix model as 
those that reproduced the Verlinde algebra above, we will find a simple generalization of this algebra 
that we argue is the correct algebra of BPS Wilson loops in these supersymmetric theories with matter. 

We will start by illustrating the argument in a special case, that of A/" = 3 U{N) Chern-Simons 
theory with Nf fundamental hypermultiplets, and then consider the general case of arbitrary gauge 
group and matter representation. 

4.1 U{Nc) Theory with Nf Fundamental Hypermultiplets 

Consider the theory with gauge group U{Nc)^ a Chern-Simons term at level fc, and Nf fundamental 
hypermultiplets. We assume the action preserves A/" = 3 supersymmetry^ and we also allow real 
masses ma for the ath hypermultiplet and a Fayet-Iliopolous term Then the partition function can 
be written as: 



]^/-^"-^n ^.. _, n2^inMA.-A,) (4.1) 



1 r „-fc7riA,-^+27rCA,- 
r I ,i\T , T~r c ^ 

-1 Hall 2 cosh7r(Aj + nia) 

This differs from the expression (3.1) for the Chern-Simons partition function by the inclusion of 
additional factors coming from the fluctuations of the matter fields around the BPS saddle points, 
labeled by a. In the Af = 3 case these enter as simple factors of cosh, but in the more general case 
considered below they involve certain special functions. 

A supersymmetric Wilson loop is again computed by an insertion of: 

Tr^je^"" 

As before, we consider insertions from R{U (Nc)) , and attempt to derive relations by manipulations 
in the matrix model. Consider an insertion of e^'"''^'^'' for a weight p: 

< g2.pM >^ ^ / d^.xT] e^-''^^^ rr2sinh7r(A, - A,) (4.2) 

^'^'■J MVnf42cosh7r(A, -fm.) ) 



Now we would like to mimic the argument in the Chern-Simons case and use a deformation of the 
contour to derive relations between different Wilson loop insertions. However, the factors of cosh in 
the denominator contribute poles at \i = —ma + {n-\- i)i for n € Z, and so the integral will no longer 
be invariant under a shift A^ — > A^ 4- i. 

There is a simple way around this problem, which is to insert additional factors into the integrand 
to cancel these poles. In order to still derive relations in R{U{Nc)), these insertions must lie in 
R{U{Nc)) (with the appropriate coefficient ring). Fortunately, there is a candidate insertion which 
does precisely this job, namely: 

Nf 



n(e'"(^"+"") + l) 



a=l 



^This can be arranged by adding an adjoint chiral field, which does not contribute to the matrix model, along with 
a superpotential coupling this to the matter hypermultiplets. 
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We see this cancels the appropriate factors of cosh in the denominator (up to a simple exponential 
factor), so that there are now no poles in the complex plane. Thus, with this insertion included, 
we are free to shift X( ^ Xf + i. Wc obtain the relation: 



J 3=1 Hail 2 cosh7r(A^ + ma) „=i 

= _L / d^^xT]^ (_l)fc+iv,g-2.Ce2.fcA,g2.E,P.A, TT(e2-(A.+™»)+i)TT2sinh7r(A,-A,) 

^-■■J tin:ii2cosh7r(A,+ "^aj a=l i^j 

Subtracting these, and noting the result has zero expectation value for arbitrary p, we argue that the 
appropriate relations to impose here are: 

{l-{-l)''+^fq-'x,'')l[{x,ra + l)^0, e^l,...,N (4.3) 

a=l 

where we have defined Xi = e^'^'^^ and q = e^'^^, as above, as well as = e^'^™". In this case we take 
the coefficient ring to be the polynomials in and q which are symmetric in the r^. 

Note that this relation involves a polynomial in X£ of degree k + Nf. It can be rewritten in the 
form: 

k+Nf-l 
m=0 

for certain am in the coefficient ring. By iteratively applying this relation to a general monomial of 
the form Ylj Xj"^ , we can ensure that all the exponents rij lie in the range < rij < k + Nf — 1. 

As before, these relations determine an ideal I'. Since the integrand still contains a factor of 
V, the same argument as in the previous section says that we must also quotient by the annihilator 
of V to obtain the full idea I of vanishing Wilson loop operators. As above, it suffices to consider 
antisymmetric functions, which can be expanded in terms of functions of the form: 

and, using the relations (4.3), we can take k + Nf ~ Nc > pi > ... > /Ow > 0. Dividing by V to obtain 
the characters of U{Nc), we see that the algebra has a basis of irreps corresponding to Young diagrams 
which fit it a box of size Nc x {k + Nf — Nc), and the algebra has dimension {'^^')- 

In section 5 we will present a very explicit description of this algebra in terms of generators 
satisfying specific relations. 

4.2 Argument for General J\f >3 Theories 

The argument above can be made quite general, and we can write down relations appropriate to a 
gauge theory with arbitrary gauge group and matter representations. The case of theories with A/" > 3 
supersymmetry is somewhat simpler, so we start here. 

We consider a theory with a Chern-Simons kinetic term for the gauge group G, which we take to 
have the general form: 
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Trcs{AAdA + ...) 



for some trace functional Tvqs on the Lie algebra of G. As in the case of pure Chern-Sinions theory, 
it is necessary to impose a quantization condition Trcsi^u) G ^ for x,y e A*. In addition, there is 
matter which comes in M hypermultiplets, with the ath hypermultiplet living in a weight pa of the 
gauge group G and of the flavor group H. Then we can parametrize the real masses by a parameter 
fi in the Cartan of i?, and the partition function is given by: 

1 /■ '''' 1 

Here the fact that the matter comes in hypermultiplets and has _R-chargc i, as dictated by A/" > 3 
supersymmetry, guarantees the 1-loop determinant is simply a product of cosh's.^ 
As above, we consider an insertion of e^^"'*^^ G R{G) for a weight k: 

< e'"''^'^' >= / rfae-^-^'-^-(-') TT ^ , : , -^e2-(-)TT2sinh™(a) 

\W\j £A 2cosh7r(p„((T)+ra(/^)) J-^ 

Now wc would like to shift a ^ a -\- ix. Again wc must include an insertion in R{G) to cancel the 
poles. These poles arise from those matter weights p such that p(x) is non-zero. If we denote the set 
of such weights by A^, consider the following insertion: 

^ g27rK(<T) "Q j-g27rp„(a)g27rr„(M) j.) > = 

|W|y TT 2cosh7r(p4a)+r4/i)) JT^^ U^T 

Now we see there are no poles when we shift a ^ a + ix, so this integral is equal to: 

- — r / dCTe-"^''^s('"') TT 7 — r-s r^TT2sinh7ra(cr)x 

|W| J 2cosh7r(p,(a) +T„(//)) ^ ' 

Subtracting these and arguing as before, we found the following relation in R(G): 

(^l _ (•_J^y^xlgirjTrcs(a;^)g2irTrcs(a;cr)-| J~J ^g27rp„ (cr) g2irT„(^j) ^ — Q 

Because of the quantization condition we have imposed on Tr^s, we see that Trc5(a;tj), as a linear 
functional of a, is actually a weight. In addition, it implies the factor g^'^'^rcsix ) jg gij^piy g, sign. The 
coefficient ring consists of sums of terms of the form e'^'"^'^^\ and so is essentially the representation 

''In addition one could allow FI terms for U{1) factors in the gauge group, as in the U{N) case. We do not consider 
such terms here, but it is a simple extension of the argument. 



- 15 - 



ring of the flavor group H . As in the previous section, after imposing these relations we must also 
quotient by the annihilator of V . 

We should emphasize that, for general theories, although we expect the relations above to hold, 
it is not clear that they are the only relations that need to be applied. In the cases of U{N) and 
Sp(2N) theories with fundamental matter, which we consider in detail below, consistency with known 
dualities gives additional evidence that applying these relations alone gives the correct answer, as we 
will see in section 5. 

4.3 Algebra for Af = 2 Theories 

The case of general Af ^ 2 theories is more complicated because the contribution of a chiral multiplet 
is given by a certain special function, the hyperbolic gamma function r/i(z; wi, a;2)- For uji/lj2 G M>o, 
which will be the case of interest to us here, we can write [11]: 

,[2z - LUi - UJ2) .Wl + W2 \ TT 1 ^ ^ 
1 — -jYi I I I 

Then the partition function of a chiral multiplet of _R-charge R and real mass m can be written: 

Th {iR + m; i, i) 

The second and third arguments of the hyperbolic gamma function, which we will suppress for the 
rest of this section, are set to i on the round sphere. They attain more general values on the squashed 
sphere, which we will consider in section 6. 

Now take a general theory with gauge group G and flavor symmetry group H . We assume there 
are M chiral multiplets, and that the ath chiral lives in the weight pa of G and Tq of H and has 
i?-charge Ra- We will assume the i?-charges of all charged matter lie between and 1. Then if we 
define real mass parameters a and p, which parameterize the Cartan of G and TJ, respectively, its 
contribution is: 



Th{z;ui,U2) = exp 



Yh{iRa + Pa{<y) + Tq(m)) 

Each chiral multiplet corresponds to a single pair [pa, t^), and a product is taken over all of them. 
This is inserted into the matrix model from the previous section, where we also allow a Chern-Simons 
term with trace Trcs. We will comment on the quantization condition for this trace below. The 
partition function is then given by: 

Z^T^l dae~''"^''^'"^^"^]l^hiiRa+Pa{^)+Ta{p)) n 2sinh7ra((T) 

' ' a=l aeAd{G) 

As always, Wilson loops correspond to insertions of characters of representations. If we take an 
insertion e'^'""^"'' £ R{G), we find: 



< e'^-^-^ >=W\ d'Te-"^'^^-('^')e2-«(-) J] Tu{iRa + Paia) + T,(/i)) [] ^ sinh™(a) (4.4) 

' ' a=l aeAdiG) 

As in the previous two sections, we would like to derive relations by shifting a ^ a + ix, for a; G A* 
after inserting an appropriate factor to cancel the poles in the integrand. To do this, we will need to 
understand a few properties of the hyperbolic gamma function. 
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First, Thiz; i, i) has a pole of order n + 1 dX z = —ni for all n G Z>o. Thus the contribution of the 
chiral multiplet: 

T,,{iR + p{a)+T{fij) 

may cross poles when we shift cr — > a + ix. Specifically, this can only occur when p[x) < 0, since 
otherwise the imaginary part of the argument is always positive, noting R > 0. In fact, since R < 1, 
we always will hit a pole whenever p{x) < 0, so in these cases we must insert a factor to cancel these 
poles.'' 

We will also need the fact that the hyperbolic gamma function satisfies the following difference 
equation (for general uJt): 

Thiz + uJi;uJi,uj2) 
In the case wi = a;2 = i, this gives: 

Tfi{z + i) = —2i sinh(7rz)r^(z) 
or, iterating this relation and rewriting it for later convenience, we get, for arbitrary n G Z: 

Thiz + ni) ^ e-"""e-^ (e^^^ - iy'Th{z) (4.5) 

With this in mind, let us fix some x in the coroot lattice, and partition the set of chiral mul- 
tiplets into subsets A^,A-, and Ao, corresponding to those with Pa{x) positive, negative, and zero 
respectively. Then, instead of (4.4), we will consider the following integral: 



2 sin 



r,,(z;a;i,a;2) 



/ dae-"^'-^^(-')e2-'=M('j]r^(ji?,+p„(a)+T,(/i))') [] 2 sinh7r«(a)] ( J] (e-2-(«.+P»M+-=(A.)_i)-P» W 

(4.6) 

Note the exponent in the final factor is positive, so this differs from (4.4) by an insertion of an additional 
element of R{G). By (4.5), we see that it can be rewritten as: 

/ dcre-"'^'''^^(''')e2'^'=('"' J|2sinh7ra(cr)x 

X n rh{tRa+Pa{<j)+Ta{p)) J] 6^"° (^«"+''" ('^)+^" e" F,, (zi?, + (a - ix) + T(Ai)) 

(4.7) 

In this form it is clear that we do not cross any poles in shifting ct — > cr + ix, since the arguments of 
the hyperbolic gamma functions always have positive imaginary part. Performing this shift, we find: 

J d(7e-"^''^^('^')e"^''<=^(^')e2'^^'^^^(^'^)e2'^'^('^) J|2sinh7ra(fT)x 



''Actually, one should be careful that the poles are not canceled by zeros coming from other factors of Tfi{z). One 
can show that this can only happen when the matter comes in hypermultiplet representations of i?-charge a positive 
integer, so this will not concern us here. 
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(4.8) 

= / dae-'^*^'■^^('^')e"^'■'^^(^')e2'^^'■'^^(^'^)e2'^'"('^)(']J^,.(^i?a + PaM [| 2 sinh7ra(cr) X 

(4.9) 

Subtracting (4.9) from (4.6), we obtain the relation: 



e 



2TTK(a) -Q ^g-27r(ii?.„+p„(<T)+r„(p) _ iyPa(x) _ ^g27rK,(a) -Q (■g27r(ifl„ +p„ (fT)+T, (m)) _ 2)P<.(^) ) ) = 



where we have defined: 

K^{<7) =Trcs[xa) ^ pa(a;)pa(o-) + ^ pa(a;)Pa(cr) 



aeA+ aeA_ 



^ ^ g7riTrcs(a;'') "Q g-7rp„(a:)(ifl„+T„(p))g- "Q 



aGA+ aeA- 

Since this holds for arbitrary k, we conjecture the Wilson loops satisfy the following relation in R{G): 

(^^-^■^{iRa+Pa{'T)+Ta{fJ.) _ ^-^-Paix) _ ^^2TrK^{cr) ^•g27r +p„ ((t) +T„ (p) ) _ -[^ -j p„ ) _ Q (4.10) 

a6A_ qGA^, 

For this to make sense, it is important that be a weight. This imposes a quantization condition, as 
above, but it may differ from the condition above if the matter is not in a self-conjugate representation. 
This is the manifestation in the matrix model of the parity anomaly. We will see this explicitly in an 
example below. 

4.4 Examples 

4.4.1 U{Nc) with Nf fundamentals 

As an example, let us again consider the case of G = U{Nc) with fundamental matter. Suppose we 
have Ni fundamental and N2 antifundamental chiral multiplets, so that the flavor symmetry group is 
SU{Ni) X SU{N2). If we write elements of the Cartan of the gauge and flavor groups as: 

cr = diag(Ai, AatJ, /^i = diag(TOi, ttiatJ, /X2 = diag(TOi, m^Va) 
then the weights of the chiral multiplets take the form: 

(Pj(o-);T-a(Mi),0) = (Aj,ma,0), j = l,...,Nc, a = l,...,iVi 



- 18 - 



For simplicity we assign all cliiral multiplets the same i?-charge r. Then the partition function is given 
by: 

Z^JT^ dA^c^g-^^fcE,A/+2.<E,A, -Q J|r^(,^+A,+m,)[]r;,(zr-A,+m,) m2sinh^(A,-A,) 

^' j = l ^ 0=1 a=l ^ i^j 

Now we compute the Wilson loop algebra. If we take Xi — diag(0, 1, ...,0), with a 1 in the ^th 
position, one finds: 

A+ ^ {{pi,ra),a^l,...,Ni}, A_ ^ {{~pi,fa),a ^ 1, Ni} 

i^xM) = \ k^ — ]\i 



and. if we define Sa ~ e 2ir(tr+m„) _ g27r(jr+ma)^ relation (4.10) becomes (after rearranging 

slightly): 



^2 

n ~S-a"\^aX, - 1) - e'^^('^-^)5-^x/-+^ n -«-'/'(-«-^ - 1) - 
a—1 a—1 

Note that the quantity k + ^'^^^^ must be an integer in order to interpret this as a relation in 
R{U{N)). This also ensures the phase e^^^^ ^-^) is just a sign. In particular, if A^i + N2 is odd, 
the Chern-Simons level must be a half-integer. This agrees with the quantization of the Chern-Simons 
level in a chiral theory. 

If we specialize to the case Ni = N2 = Nf, and define Va = {saSay^'^ and ta = — (sa/sa)~^^^, 
corresponding to vector and axial mass parameters respectively, then the relation can be written: 

Nf Nf 

Y[{rataXi + 1) - (-l)*'-+^^(/-lx/ HiraXi+ta) = (4.11) 
a—1 a—1 

The = 3 case corresponds to setting ta = 1- We see this is again a polynomial relation of degree 
k + Nf. Thus, by the same argument as before, we expect the algebra to have dimension {''~^^ )- Note 
also that one can flow between these theories by giving one flavor a large positive axial mass, which 
reduces Nf while increasing k and preserving Nc- This corresponds to taking one of the ta to zero, 
and one can sec from (4.11) that this has precisely the effect of decreasing Nf while increasing fc.® 

4.4.2 Sp{2Nc) with 2Nf fundamentals 

As another example, take G — Sp{2Nc) with 2Nf fundamental chiral multiplets. The flavor group is 
SU{2Nf), and we take parameterize the Cartans by: 

a = diag(Ai, AAr,-Ai, -Aat), p = diag(mi, ...,m2Nf) 



* Most other limits of real mass parameters also have the effect of changing Nc , which is subtle to see at the level of 
the partition function, and also at the level of the polynomial relation. 



- 19 - 



The weights of the chirals are: 



(Pj,±(CT),ra(Ai)) = ±Aj +ma, j = l,...,Nc, a = l,...,2Nf 
The partition function is given by: 

X JJ(2sinh7r(Aj - Aj))2(2 sinh 7r(A, + A^-))^ ^(-(2 sinh(27rAj))2) 
As above we take X£ = diag(0, 1, —1, ...,0), and one finds: 

A± = {pe,±,Ta), a = l,...,2Nf 

= 2kXi 

And the relation (4.10) gives: 

2Nf 2Nf 

n {Xt - Sa) - e2-('=-^/)x/'= n [SaXi - 1) = (4.12) 
a— 1 a— 1 

where we define = g27r(j_R„+m„)^ Note that, in principle, one can take k and Nf both half-integral. 
However, in the cases we consider the difference k — Nf is an integer, so the factor ^'^■^^(k-Nf) ^^j-ops 
out. Since this relation is a polynomial of degree 2{k + Nf), by an analogous argument as in the 
pure Chern-Simons case we see we can restrict to insertions with powers of Xj between — (fc + Nf) 
and k + Nf, and the algebra has dimension {'^'^%^~^)- We will discuss an explicit presentation of this 
algebra in the next section. 

5 Dualities 

In the previous sections we have presented a conjecture for the BPS Wilson loop algebra in A/" = 2 
theories with a Chern-Simons term. This was derived by noting that certain linear combinations of 
Wilson loops acted as the zero operator, in the sense that their expectation value in the presence of 
arbitrary additional insertions was zero. This argument by itself is not completely conclusive. First, 
one could imagine these operators are not really zero, despite having zero expectation value. Second, 
there could be other relations that one must impose besides the ones we found. 

In the case of pure Chern-Simons theory, we have seen that the algebra we reproduce is precisely 
the same as the Verlinde algebra, which is known to be the correct algebra for Wilson loop operators. 
In the case of Chern-Simons matter theories, there is no independent computation of this algebra 
to compare to. However, one strong test that the algebra is correct in some cases would be if it is 
isomorphic for theories which are conjectured to be dual. This also can be seen as a test of these 
proposed dualities. 

Thus in this section we consider some dualities of Chern-Simons matter theories, namely the 
dualities of Givcon and Kutasov [12], and argue that the algebra we have found above is indeed 
isomorphic for the dual pair. In addition, we will show that this isomorphism, which is essentially 
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unique, gives a prescription for mapping Wilson foop operators from one theory to its dual, and that 
the expectation value of these Wilson loops, as computed by the matrix model, agrees across the 
duality. 

5.1 Explicit Presentation of R{U{N)) Quotient Algebras 

First it will be necessary to derive a more convenient description of some of the algebras we have 
found above. We will mainly focus on the case G = U{N), but also consider Sp{2N) below. We have 
seen that the ring R{U (N)) is just the ring of Laurent polynomials in the N variables Xj = e^'^^i , and 
R(U{N)) is the subring of symmetric Laurent polynomials. In all the quotient rings we have studied 
above, the relations have the form:^ 

p{xe)^0, e^l,...,N 

where p is some degree M polynomial. In addition, we quotient out by elements which annihilate V, 
the Vandermonde determinant. 

Let us denote the quotient of R{U{N)) by these relations as .4^^'', for an arbitrary p. Then in 
this section we will present an explicit presentation of Ap^"^ , and demonstrate an (essentially unique) 
isomorphism: 

h : ^ 4^^-^) 

Below we will relate this isomorphism to certain field theory dualities, and demonstrate that the map 
h gives the correct mapping of Wilson loop operators across the dualities. 

We first consider the ring of ordinary symmetric polynomials (with non- negative powers), which 
we denote S{N), and will generalize to Laurent polynomials in a moment. We can construct generators 
for this ring as follows. Following [13], let us define: 

3 

which is a polynomial in t of order iV, where the coefficients 0; = (t>i{^i: ■■■yXN) of are called the 
elementary symmetric functions. In terms of representations of U{N), these symmetric functions can 
be written as Young diagrams as: 

^{t) = i+nt + Bt^ + ... 

Similarly, we define: 

j 

which is an infinite series in t with coefficients which we denote ipi- Note the relation: 

$(-t)*(i) = 1 (5.1) 

^In more general theories, with matter representations other than the fundamental, the relations are typically polyno- 
mials involving multiple variables at once. Here the analysis is more complicated, and wo do not consider such algebras 
in detail in this paper. 
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which means the and are not independent, but one set of functions can be solved for in terms 
of the other by solving the above equation order by order in t. The ring S{N) can then be defined as 
the ring generated by the and ijjj subject to the relations above. 

Now suppose we want to impose the polynomial relations we found above, in addition to the 
condition related to V , on the ring of symmetric polynomials. As a warm-up, consider the polynomial: 

Pkix) = 

This arises in pure Chern-Simons theory when we take the limit 5 — >■ oo. To define this quotient ring, 
let us define a new generating function '^k-N{t) by truncating 5'(<) at order k — N: 

^k-N{t) = 1 + t7/;i + ... + t^-"^:k-N 
Then we claim that, in the quotient ring J^p[\ one has the relation: 

$(-t)«'fe_w(t) = 1 

This is demonstrated in the appendix, as a consequence of a more general formula we will describe in 
a moment. 

We conjecture that there are no further relations in the algebra That is, it can be defined as 

the algebra generated by the N elements 4)1 and the k — N elements ipj subject to the relation above. 
Note that this relation is symmetric under exchange of N with k — N and mapping (pi —J- {—lyipi. 
In fact, this duality of the ring of symmetric functions in the nilpotent variables Xi is well known; 
in particular, this ring is isomorphic to the cohomology ring of the Grassmannian G{N,k), which 
obviously has this N <-> k — N duality. We will see a physical explanation for this correspondence in 
section 7. This is also related to level-rank duality of U {N) Chern-Simons theory, as we will discuss 
shortly. 

Next we turn to the case of general p. Let us start by defining: 

p{x) = x'^' + aix^^-'^ + ... + aM, pit) t'''p{t-^) := 1 + ait + aji^ + ... 

where, without loss we have assumed p(x) is monic.^° Note that p{t) need not have degree A/, e.g., 
in the case Pk{x) = x'^ above, p{t) = 1. Then let us define vE'p(t) as the truncation of the product 
after M - N terms, ie: 

*P (0 = [p{t)'i'{t)]M-N = 1 + (□ + ai)t + (m + aiD + a2)t^ + ... + 

We denote the coefficient of t* in 4'p(<) by ipp^, i = I, ...,M — N. In the case p{x) = x'' above, this 
reproduces \I'^,_jv- Then it is shown in the appendix that, in the quotient ring Ap^\ one has the 
relation: 



'i>i-t)^pit)^p{t) 

Moreover, as above, we conjecture that Ap^"^ is precisely the ring generated by the 4>i, i = 1, ...N, and 
the ippj, j — 1, M — N , subject to this relation. 

In this form, we see the isomorphism h above is given by defining: 



^"This was not true for the algebras of the previous section, but it can be arranged by dividing these polynomial 
relations by a unit in the coefficient ring, which has no effect on the resulting algebra. 
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and extending so that is a honiomorphism. This gives the claimed isomorphism between Ap^^ and 

Finahy, we note that ahhough we imposed these relations on the ring of symmetric polynomials, 
as opposed to symmetric Laurent polynomials, the final result is the same in both cases for generic 
p{x). Namely, provided om is invertible in the coefficient ring, which will be true in all cases we 
consider, we can write: 

= -aAr^x'^'-^ + aix^'^"^ + ... + flM-i) 

Since the ring of Laurent polynomials only differs by adjoining elements Xj~^ , we see this difference 
disappears one we pass to the quotient ring. 

The isomorphism above is related to certain dualities of quantum field theories, which we describe 
now. 

5.2 Level- Rank and Giveon-Kutasov Dualities 

First we consider a duality between two pure Chern-Simons theories, called level-rank duality. In the 
non-supersymmetric notation, it asserts the equivalence of U{N) Chern-Simons theory at level K with 
U{K) Chern-Simons theory at level —N. In the supersymmetric notation, this amounts to: 

UiN)k O Uik - N)_k 
The Wilson loop algebras in the first theory is aI^"^ where: 

In the second theory, the relation is: 

p_fc(x) = l-(-l)V'-^"'= 

^ ( L. AT) 

But this agrees with pk if we make the replacement x —J- x~ . Thus the algebra here is Ap^ . From 
the previous section, these are isomorphic, and the isomorphism exchanging them sends: 

where the hat denotes charge conjugation, i.e., replacing x — >■ or equivalently, a — > —a. This 
equivalence of the algebras was also shown by a similar argument in [3], where they were related to 
the quantum cohomology rings of the Grassmannian G{N, k). 

Recall that (pj is represented by a Young diagram with one column and j rows, while Tpj is 
represented by a Young diagram with one row and j columns. More generally, a consequence of this 
mapping is that the representation corresponding to a general Young diagram Y is mapped to the 
transpose diagram , with a factor of (— l)'^', where |F| is the number of boxes in the diagram. 
This is well known to be the correct rule for mapping for Wilson loops in level-rank duality, and is 
consistent with the result above that the relevant Young diagrams fit into a box of size N x {k ~ N). 
The equality of the expectation values of dual Wilson loops is shown, e.g., in [14]. 

Actually, this does not hold in the example of pure Chern-Simons theory with q = e'^'^^ — > oo considered above, but 
only in the strict ^ — > oo limit, which is somewhat degenerate. 
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Next we turn to the duality of Giveon and Kutasov. This asserts the equivalence of the following 
two theories: 

• The theory with gauge group U{Nc), Chern Simons level k, and Nf fundamental hypermultiplets 
{Qa, <3") of i?-charge r, with no superpotential. We may assume fc > 0. 

• The theory with gauge group U{k + Nf — Nc) at level — fc and Nf fundamental hypermultiplets 
{qa-,(t) of i?-charge 1 — r. In addition, there are N'j uncharged chiral multiplets Ad J', which 
couple via a superpotential: 



These theories have an SU{Nf) x SU{Nf) flavor symmetry rotating the two sets of chiral multi- 
plets, as well as a U{l)j topological symmetry. The duality dictates that the SU (Nf) flavor symmetries 
of the two theories are identified up to a charge conjugation, and the U{l)j symmetries are identified 
precisely. Thus if we deform by real vector and axial masses nia, and fia, and an FI term these are 
mapped to the corresponding parameters —ma,—fJ.a^ and C. One can see the level rank duality above 
as a special case of this with Nf = 0. 

From (4.11), the polynomial relation for the electric theory is given by: 

Nf Nf 
P{xi) = X{{rataXl + 1) - {-if+'^'q-^Xl'' \{{raXi + ta) = 
a— 1 a— 1 

where Va = e^'^'"", ta = e2ir(i(r-i/2)+/i„)^ q _ e^^^. Thus the algebra of the electric theory is 
a(n^) 

For the magnetic theory, we first note that the extra uncharged mesons have no effect on the 
algebra. The identification of flavor symmetries implies that the polynomial here is: 

Nf Nf 

P'{^t) = \{{ra~ha-^x, + 1) - (-l)^+^/g-ix,-'= \[{ra~^x, + t^-') = 

a— 1 a— 1 

and the algebra is A^p^^' 

If we replace xi xi^^ in p'{xi), and multiply by J^^^ rataXi, we recover precisely the polynomial 
p{xi) for the electric theory. Thus there is an isomorphism: 

/.:<=)^^i^+"'^-^=> 



h{4>i) = (-l)Vp, 

As a simple example, we may we set all the mass parameters and ta to 1 and take q — > oo. 
Then the polynomials become simply: 



p{x)^x''{x + lfl, p{t) = {l+tf! 



And then the mapping h sends: 



1^1, -(□+ ( ) • 1) 
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We see that it generalizes the level-rank duality rule of transposing the Young diagrams by adding 
additional terms with fewer boxes. More generally, we can rewrite p{x) as a monic polynomial via: 

Nf Nf 

p{x) ^ 2;/ \{{x, + ra-ha-') - {-lf+^fq\[{t,-^x, + ra-') 

a—1 a—1 

Nf Nf 

=> Pit) = 11(1 + ra-ha-h) - (-l)'=+^/<zt'= + ra-h) 

a—1 a—1 

Then the mapping of Wilson loops has the same form as above, but with the binomial coefficient 
replaced by certain Laurent polynomials in r^, ta, and q. 

It is worth commenting that, for a commutative algebra over the complex numbers, one can 
always find a basis where the structure constants are diagonal, and the isomorphism class of the 
algebra is determined only by the dimension and the number of non-zero elements on the diagonal. 
Thus isomorphism of the Wilson loop algebras as algebras over the complex numbers is not a very 
powerful check, and indeed there would be many such distinct isomorphisms in this case. However, we 
argued above that the duality map must be an isomorphism of algebras over the ring C[ra,r~^ ,q,q~^]. 
This is a much stronger constraint, and there is typically a unique such isomorphism. In a moment we 
will demonstrate that the expectation values of dual Wilson loops in the "magnetic theory" , mapped 
according to this prescription, are actually equal to expectation values in the "electric" theory. This 
provides an additional strong evidence that we have correctly identified the duality map. 

5.3 Consistency with Mapping of Defect Operators 

In [5] it was shown that Wilson loops in U{N) theories which are abelian (i.e., in representations 
which only count the overall U{1) charge) can be alternatively interpreted as defect operators in the 
U{l)j flavor symmetry of the theory. To review the argument, we write the partition function with 
the U{l)j current for a vector multiplet V coupled to a background vector multiplet Vj as: 

Z[Vj] = J 2?$e'S[*] + 5V /d-^-d^ei^/TrSv (5 3) 

Then, given a choice of loop 7, there is a BPS vector multiplet "vortex" configuration, which we denote 
ri-y, for which A^^ has a constant holonomy about 7, and D is a delta function supported at 7. Then 
one finds: 



^iS[<l>] + J^ f cPxd-'eVjTrT.v „™ L Tr{A-iad\x\) 



which is the same as a charge n abelian Wilson loop insertion. 
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In the case of Giveon-Kutasov duahty, the U{l)j symmetry of one theory maps to that of its 
duaL Therefore, applying the construction above to both sides of the duality, one expects the charge 
n abelian Wilson loop to map to the charge n abelian Wilson loop on the dual side. Actually, one 
must be slightly more careful because of the presence of contact terms. Specifically, if we think of 
(5.2) as giving the partition function of the "electric" theory, then, as argued in [15], one must insert 
a level one Chern-Simons term for the gauge multiplet Vj in the "magnetic" partition function: 

Z[V;] ^ J q:)^(,iS[<S'] + ^ J d''xd''eVjTrSv + ±^ f d^xd-'eVji:j 

This extra term is necessary for these partition functions to agree as functions of Vj 
perform the same shift Vj ^ Vj + nQj, we pick up additional terms: 



(5.3) 

. Now when we 



Z[Vj +nn-f] = J V^e'^\-'^^ + ^ f 'i'''^'i''<^^j'^'^^v + ^ f d^'xd-'eVjSj ^in f^TriA-iad\x\)^in J^{^^ 

Note that there is an additional charge n Wilson loop for the background gauge field coupled to 
the C/(l)j current, as well as a sign (—1)" which comes from a proper regularization of the phase 
proportional to H.^'^}'^ At the level of the matrix model, this background Wilson loop enters simply 
as a factor of e^'^"^ — g". 

Now let us compare to the mapping of Wilson loops above. For simplicity, let us restrict to the 
case n = 1. This corresponds to the representation we have labeled (j)^ above, i.e., the Young diagram 
with one column with N boxes. Then the map of the previous section sends to tppj^ in the dual 
theory. For this to agree with what we have just found, we must have the following relation in the 
dual: 

i'pN -~'l4>k+Nf-N 

However, note that the order t^^ term in the relation $(— t)^'p(i) ~ pit), which holds in this 
theory, gives: 

4>k+Nf-Ni'pN = -9 

In addition, one has (jik+Nf-Nff'k+Nj-N = 1 (i-C-, already in the classical representation ring oi U{k + 
Nf — N)), and so these relations are equivalent. 

Note that the defect operator argument has suggested a new interpretation of the factor of q as 
arising from a Wilson loop in the background gauge field coupled to the U{l)j symmetry. By analogy, 
one might expect this also to be true of the factors of e^'^™ that appear for real masses m in generic 
flavor symmetries. 

5.4 Mapping of Wilson Loops in Af = 3 Giveon-Kutasov Duality 

We now attempt to demonstrate that the isomorphism described above actually gives the correct 
mapping between Wilson loop operators across the Giveon-Kutasov duality by showing that the ex- 
pectation values of the proposed dual operators are equal. For the A/" = 3 version of the duality we 
will be able to present an analytic proof, while for the more general Af = 2 case we can only check 
this numerically in several cases. 

'^■^e.g., one can argue it is equivalent to smear the loop 7 uniformly over S^, in which case this phase is easy to compute. 
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Recall the formula (4.1) for the partition function of the JV = 3 U (Nc) theory with Nf fundamental 
flavors. It will be convenient to redefine this partition function by a phase so that it is real and positive. 
As discussed in [15], this phase can be attributed to certain contact terms that must be added to the 
action to ensure reflection positivity. Thus we deflne: 

^.,^,.^.(C,-a)=e'^(^=^'=^^/^^-)-i^ / d^^xH n2sinh^(A..-A,) 

^^'^■■^ 3 naii2cosh7r(Aj +ma) 

where 5 is chosen so that Z is real and positive. 

Then the statement of Giveon-Kutasov duality is (defining Nc — k + Nf — Nc): 

There is also an explicit formula for the relative phase, which can be computed by studying the contact 
terms of the dual theories [15]: 



7(A^c, fc, Nf- C, ma) := (5(iV„ -fc, Nj- Wa) - S{Nc, k, Nf, (, m,) 
= ^ik' + 3(fc + Nf)iNf - 2) + 2) + - IkJ^ma^ - CE (^.4) 

a a 

The isomorphism of the previous section gave an explicit prescription for how to map symmetric 
functions in the two algebras, namely, one exchanges $(— i) and 5'p(i). Thus the conjectured duality 
would imply that if one maps Wilson loops in the corresponding way, one should find that they have 
equal expectation values in the two theories, namely: 

(T[H-ta)l['^Atp)) = (j[^pita)l[^{-tp)\ (5.5) 

where both sides are understood to include the appropriate phase factor (so that the partition function, 
given by (1), is real and positive, although general Wilson loop expectation values will not be). From 
this an arbitrary Wilson loop can be extracted by isolating the appropriate powers of ta and tp, since 
the (f>i and ippj generate the algebra. 

We will now prove (5.5) and (5.4). This will provide a strong check both of the fact that Ap^"^ 
really is the Wilson loop algebra, and of the Giveon-Kutasov duality itself. 

The proof will be by induction on Nf. We will not comment much on the case Nf ~ 0, corre- 
sponding to level-rank duality, where the result is well known, and the mapping $(— t) — > "ilk-Nit) is 
understood as a special case of the flipping of the Young diagram rule for mapping Wilson loops. ^'^ 

The proof will be in two steps. First we will express the general A^/-flavor Wilson loop expectation 
value in terms of a sum of [Nf — l)-flavor Wilson loop expectation values. Then we will use induction 
to argue that the mapping of Wilson loops in the {Nf — l)-flavor theory gives rise to the desired 
mapping in the iV/-flavor theory. 

Let us first introduce some notation. We define: 



^See, e.g., [14] for a proof of the mapping of Wilson loop expectation values. 
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a 

These are, respectively, the polynomials corresponding to the (TVc, fc, Nf) theory with masses ma and 
the theory with the 6th flavor removed, for some arbitrary choice of 6.^^ 

Then we claim an insertion of $(ta) 11^ ^pC^^) in the {Nc, k, Nf) theory can be expressed as: 



l[H-t»)l[%{tp)) = (5.6) 



1 / ....... . .... / ^^^^-r,)ll<Pi-t^)ll{l + tpn-')^,,itp) ) + 



Pbi-rb) 



g27rzai {Nc,k,N f ;(^,ma 



\ P I Na,k,Nf-l;(:~^,7na/riib 

^ " P I N^-l,k,Nf-l-C+^,ma/mi, 

This formula is proved in the appendix. The basic idea of the proof is to perform a contour shift 
analogous to the one used to derive the algebra above, but without inserting extra factors to cancel 
the poles. Then the term involving the Nc — 1 theory appears from evaluating the residues at the 
poles that we cross. Here ai are some phase factors described in the appendix. 

Here, as always, we have assumed > 0. We can modify this formula to work in general using: 



ix) N,-k,Nf;-C,m^ — y ix) N,k,Nf;C* .rric* 

from which we can derive: 



^ " /3 / N^-k,Nf-l;-C~i--ma/mt 



where we have extended the definition of ai to negative k by: 

ai{Nc,-k,Nf;-(,ma;mb) = -ai{Nc, k, NfX* ,ml;ml) 



Nc-l,-k,Nf -!;-(;+ ^^ma /nib 



^*More precisely, we are using the wrong sign, (—1)'°+^/ , for the second theory; we will see why this is the appropriate 
choice in a moment. 
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The formula (5.6) is derived in the appendix, along with the relation: 



a2iNc,k,Nf;C,ma;mb) = ai{Nc, -k, Nf, -Cma, nib) (5.7) 

which automatically implies the corresponding relation with 1 and 2 exchanged. Given these results, 
the proof of the mapping is straightforward. Namely, by identifying terms in these two expressions, 
we see it would follow from: 



i-n) n 11(1 + tpn-')^p, {tp) 



Nc,k,Nf-l;C-i,ma/mt, 



Hn) n 11(1 + tprb-'M^tp) \ 



and: 



Hn) 11(1 + t^n-'m-t^) n iU) 



i-n) 11(1 + Un-^)i>p, (i„) W ^{^tp) 



^ " P I N^,-k,Nf~l:,-C-i-ma/mi 

But these hold by induction on Nf. Note that, although we are using the the sign (—1)'^+^/ rather 
than (— 1)'=+^/^! in the polynomial pb for these theories, this is corrected by the fact that C is shifted 
by ±|, which changes q by a sign. This completes the proof of the mapping of Wilson loop expectation 
values across the duality. 

5.5 Giveon-Kutasov with an Sp Gauge Group 

There is also a version of the Giveon-Kutasov duality with an Sp gauge group, which reduces to the 
Sp version of level-rank duality in the case Nf = 0. Here the dual theories are as follows: 

• The theory with Sp(2N) gauge group, Chcrn Simons level k, and 2Nf fundamental chiral mul- 
tiplets Qa of i?-charge R, with no superpotential. 

• The theory with gauge group Sp{k + Nf — N — 1) at level —k and 2Nf fundamental chiral 
multiplets {qa) of i?-charge 1 — i?. In addition, there are Nj uncharged chiral multiplets Mab, 
which couple via a superpotential: 



As before, we consider an A/" = 3 version of the duality where the i?-charges of the chiral fields are 
canonical and the M fields are massive. 

Wc now sketch how the arguments above arc modified for the case Sp{2N). We first note that 
R{Sp{2N)) ~ R{U{N)), but the Weyl-symmetric condition is different in the two cases, as in the 
former case wc must impose symmetry also under xj — > Xj~^, and so R(Sp{2N)) is a proper subset 
of R{U{N)). As before, we impose polynomial relations, which can be written as p{xj) = 0, where: 
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2Nf 2Nf 

n (^'/'^^"'^' - V2,^l/2) „ Jl (.,1/2^1/2 _ ,^-1/2^-1/2) 
a— 1 a— 1 

where we have multiplied (4.12) by an overall constant so that it has the form: 

qix) - q{x^^) 

Note that q is actually a polynomial, since 2iV/ is even. Let M denote the degree of q. 

Now the argument is similar to the U {N) case, although the details are somewhat different. One 
defines, as above: 

= i+ni+Bt^ + ... 
*W = Ylii - txjy^i - txj^^y^ = 1 + nt + mt^ + ... 

Here the Young diagrams represent representations of Sp{2N), as computed by the Weyl character 
formula applied to the weight (pi, ...,pjs[) with pj giving the number of boxes in the jth row of the 
diagram. We note that \D'(i) still has a simple analytic form, but this is not true for 

Now we consider imposing the relation q(xj)—q{xj~^) = 0, as well as the appropriate Vandermonde 
relation. Then, if we define: 

= [qit)^{t)]M^N~l 

where the brackets denote truncation after the M — N — 1th term. We conjecture the algebra is 
generated by the coefficients of and '^p{t) subject to the relation: 



This relation can be proven by a method similar to that in the U{N) case, but again wc do not know 
how to show that there are no further relations. In particular, we see there is again an isomorphism 
sending: 

(f>j (-l)Vpj 

This rule is very similar to the one for the U{N) duality, with the Young diagrams mapping to 
transposed diagrams plus additional terms with fewer boxes. One can check numerically for several 
low values of N, k, Nf that this mapping preserves the expectation value of Wilson loops. 

6 Wilson loops on a squashed sphere 

To test our proposal for the algebra of Wilson loops further, we may replace the round with a 
squashed S^, defined as a hypersurface in with the standard metric whose equation is 

I|zip + 6^|Z2P = 1. 
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One can parametrize the squashed sphere as follows: 

zi = b cos 6*6** , Z2 = b-^ sin 9e'^ , 

where 4> and x have period 27r and 6 takes values in the interval [0,7r/2]. Thus a squashed 5*^ can 
be thought of as a rectangular torus fibered over the interval [0,7r/2]. At the ends of the interval the 
torus degenerates to a circle. 

It was shown in [16] that the path-integral on a squashed for any A/" = 2 d = 3 theory localizes, 
and that matrix integral is written in terms of the double sine function, or equivalently, the hyperbolic 
gamma function. For simplicity, we will consider in this section only the theory with U{N) gauge group 
with Nf fundamental hypermultiplets and Chern Simons level k - the general case is a straightforward 
extension. Then the partition function is given by: 



■ a=l j 

X ]^4sinh7rfe(Ai — Aj) sinh7r6^^(Ai — Aj) 

with uj = ^{i^i + ^2)- On the squashed sphere, we have lji = ib,LU2 ~ ib^^. 

As in the case of round 5'^, BPS Wilson loops must be wrapped along the integral lines of a vector 
field = e^'^e where e is a solution of the twistor equation. For the choice of e and e used in [16], 
this vector field is given by 

Ma 1.-1 ^ 

This vector field is tangent to the toroidal fibers, but its integral lines are not closed unless b^ is 
rational. So let us assume that b^ = m/n where m and n are relatively prime integers. Then for any 
9 and any initial point on the corresponding fiber the integral line is closed and wraps the x £^nd 
<f) directions on the torus m and n times respectively. The length of this integral curve is independent 
of 6 and is equal to l-K^nm = l-Knb. The corresponding BPS Wilson loop contributes a factor 

llxR^e^'"'^'') = Tr^le^'^^'") 

to the matrix model integrand. Note that, topologically, these loops arc (n,m)-torus knots. In 
particular, we see that the matrix model allows one to compute the expectation value of torus knots 
on in Chern-Simons theory. 

Using the scaling property Yhiaz^aixix^aiO'i) — r/i(z; wi, ^2) with a ~ y/rim, and redefining a — > 
—^^=a, and similarly for the other real mass parameters, we can rewrite the integrand above, with a 
Wilson loop insertion, as: 



< Wr >= ^ / d^Ae-^ ^/+i^CE, A,Tr^(g2..) -Q r,/-^{m + n)± A, ± + /x,; tm, in)x 

■ a=l J 

^^For 9 = and 6 = 7r/2 the integral lines of j;*^ are closed for all b. However, the vector field v is not difFerentiable at 
9 = and 9 = ■jt/2, therefore there might be subtleties with Wilson loops localized at these fibers. We will not consider 
them in this paper. 
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X TT4sinh — (Xi — Ao ) smh — (Ai — A,) 

We will now attempt to derive the quantum relations in the Wilson loop algebra. We will proceed 
as above, starting with the case of pure Chern-Simons theory. Here the integral, with an insertion 
is: 



The analogous argument here would be to shift A^ — > A^ + inm. We see this leaves the gauge de- 
terminant and Wilson loop unchanged, up to a sign but the Chern-Simons and FI 
contributions change, and we find this is equal to: 



^ / d^Xe-^^^ ^^"+"^^ (_i)fe"™+(«+™)(^c-i)g-2.Ce2.feA,g2.E, «.a, J| 4 si^h -(A,-A,) sinh -(A,-A 
Since this is true for arbitrary k, we deduce the relation: 

where we define Xj = e^'^^^ . If we absorb the sign into a redefinition of the generators Xj , we see this is 
precisely the same relation as for the round sphere. However, to argue for equivalence of the algebras, 
we must also impose the division by the annihilator of the Vandermonde determinant. The argument 
used on the round sphere does not work in general here since the Vandermonde does not appear in 
the integrand (except for n or m equal to 1). 

Nevertheless, although we were unable to find a general argument, we have checked in several 
cases by explicit computation (note the integral above is Gaussian) that the Vandermonde relations 
are indeed satisfied, and the algebra is precisely isomorphic to that on the round sphere. This is not 
completely trivial, because the Wilson loops are topologically non-trivial, being (n,m)-torus knots. 
However, the Wilson loop algebra should depend only on local data, and not be sensitive to the 
topological nature of the knots. Moreover, this ensures the algebra we find for these knots is consistent 
with level-rank duality. 

Next let us consider adding matter. For the round sphere, we started with the technically sim- 
pler J\f = 3 case where R-charges of all matter fields are 1/2. For the squashed an analogous 
simplification occurs if we take 

UJ2 n 

r=7r = \ — ' Ma = 

2,{jj m + n 



in which case we find: 



iv 1 

Th{ — {m + n) ± Xj ± rua + fJ^a] ^nT-, 



2' ' ' a , ^a, , , 2 cosh ^(Aj + ma) 

Thus the integral computing the Wilson loop expectation value can be written in terms of elementary 
fmictions: 



^^Interestingly, the Vandermonde argument is straightforward when n or m is one, which are exactly the same cases 
where the knot is trivial. 



- 32 - 



We now shift — >■ + imn as above. To avoid hitting poles from the matter we can insert a 
factor of: 

l)"e^'^^'^*+'"'') — 1) 

a 

This factor cancels the poles in the denominator at A^ + nia = n{s + for s G Z, and is also a valid 
Wilson loop insertion. Accounting also for the extra contribution of the Chern-Simons term, we find 
the relation: 

(1 - q(_l)fc«"+™^/+("+")(^c-i)^^fc) Ylii-iy'raXt - 1) = (6.1) 

a 

where we define ra ~ e^'^™" . 

Once again it is not clear that the Vandermonde relation holds in general here, but one can 
check this numerically in several cases and one finds it is always satisfied. Then the algebra is a 
straightforward extension of the round sphere algebra, and by the general arguments of the previous 
section, is given by the algebra Ap{Nc) with: 

p(x) = (1 - g(_i)fe"™+™^^/+("+™)(JVe-i)^fc) -Q^^; _ (-l)"ra) 

a 

The Giveon-Kutasov dual theory has algebra Ap'{k + Nf — Nc) with:^^ 

p'{y) = (1 - q(^l)knm+nNf+in+m)ik+Nf-N^-l)y-k^Y[{y - {-l)"'ra-^) 

a 

which, upon setting y = (— agrees with the polynomial above, up to an overall monomial 
factor which does not affect the algebra, and so the algebras are isomorphic. In fact, up to redefinitions 
of the parameters by signs, we see the algebra is independent of n and m, as expected if the algebra is 
a property of the underlying theory, and not special to the round sphere. We have checked numerically 
in several cases that Wilson loop expectation values map as expected under this duality. 

Finally we consider the general case, of arbitrary R charge and axial mass. Recall the Wilson loop 
in this case is computed by: 



1 . _ ■ 

■ a=l ] 



X TT4smh— (Ai — A,)smh — (A^ — A,) 
n m 

Kj 

Wc will need to make use of the following difference equation satisfied by the functions Th{z): 



'^'^Note that the dual quarks have R charge 1 — r = ^ , so their contribution to the matrix model is also a simple 
product of cosh's, although with n -f-^ m. relative to the electric theory. 
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Thiz + ioi) = 2sin ( — ]rh{z) 



UJ2 



with a similar equation with uji O 0^2- 



Let us consider — = — as before. Then consider: 

' n~l 



n{z + = ( n 2 sm (^^^^^) ) r.(z) 



'j=o 

Using the assumed form of the product on the left can be simplified, and this becomes: 

Thiz + nuji) = C2sin (^^^^h{z) 

where C = e^*-™"^-"-""^-'. More generally, we find, for p e Z: 

Thiz+pnco,) = (-l)™"P(P-i)/2CP(^2sin (^^^Jv^iz) 
In the case cji = im, uj2 ~ in, this gives: 

Thiz + ipnm) = (_i)»™p(p-i)/2(^P(2 sinh(7r2))f r,,(2) (6.2) 
Now the argument proceeds much as on the round sphere. We start with the expression: 



Nf 

± I d^Xe-^ '^TMe'n n ( n ^'^C-^^R ± (A, + + ^n, ^m)) x 

■ a=l ^ ' 



^I'Wy'h C^^^ iR + (Af + ma) + w,im) jr/i(^^^-i^zi? - {[Xg - nmi) + ma) + in, im) j x 



X TT4sinh -(Ai - A, ) sinh — (Ai - A, ) 
n m 

where we have included a factor: 

^ = Jl g7r(^i-R.-(Aj!+m„)+M„) 
a 

for later convenience. This manifestly crosses no poles upon shifting A^ — >■ A^ + inm, and so is equal 
to: 



Nf 



(n+m)(Ar,-l)^ 



xe 2^<e^''''^^''7 r,,(^^-t^ii?+((Af +7imi)+ma)+Aia; in, im)r/,( " ™ zj?-(Af+?7ia)+Ma; in, im) j x 
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X TT4sinh — (Ai — A, ) smh — (A^ — A, ) 
These expressions can be rewritten using (6.2), and subtracting them we find: 



7( \{2s\nh^{^^^R^{\,+ma)+^ia)A-lf^^'''''''^^^^^^ 



X 4 sinh — (A; — \j ) sinh — ( A^ — Aj ) 
Using the form for 7 above, the second line can be rewritten as: 



JJ^^g27r(-ii±i2«+A;+m„-^i„)_-[^^_||_-[^-j(fc+7Vj)nm+(n+rn)(Ar,-l)g-27r4Cg27ri;A^ "Q ^g27r (- il±i2iii;-Aia ) _g27r(Af ) -j 
a a 

which, upon defining xi = e^'^'^*, = e^'^™", Sa = e^^'^'-"^— and q = e^^'^'», imphes the 
following relation in the algebra: 

a a 

Note that the special case above, R = "^^^ and = 0, corresponds to setting Sa = (^1)", and we 
recover the relation (6.1). 

Once again, we assume without proof that the Vandermonde condition is also satisfied in this case, 
in which case the algebra is simply Ap (Nc) , with p{x) as above. For the dual theory, U{k + Nf — Nc)-k 
with Nf flavors, we have Va — > Tq"^ and Sa ( — 1)"+™Sq~^, and so the polynomial is: 

P'{y) = []((-l)"+™Sa-V,-iy-l)-(-l)('=+^/)"'"+("+'")('=+^/-^-i)gy-'= X{{{-lT+'^ s^-' -ra'^y) 

a a 

Upon substituting y = (— l)"+™a;~^, one finds this precisely agrees with the polynomial above (up to 
an overall factor), and so by the general arguments of the previous section, the algebras are dual. 

Unfortunately, we do not know how to evaluate the integrals numerically for generic R charge, so 
we were unable to perform numerical checks in this case. 



7 Connection with quantum cohomology and quantum K-theory 

In the case of pure Chern-Simons theory with G — U {Nc), the algebra of Wilson loops can be computed 
in another way. When compactified on 5*^, Chern-Simons theory becomes equivalent to the G/G model 
(the gauged WZW model). On the other hand, E. Witten argued [3] that for G = U{Nc) the G/G 
model at level fcf, is equivalent to the A-model whose target is the complex Grassmannian of A^c-planes 
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in Cl'^l, where k = kb + NcSignkb- Wilson loops wrapped on become local operators in the G/G 
model, therefore the Wilson loop algebra for the bosonic G = U{Nc)kb Chern-Simons theory must be 
isomorphic to the quantum cohomology ring of G'r(A'c, C''^'). 

In this section we generalize this approach to U{Nc) Chern-Simons theories with matter in the 
fundamental representation. We begin by deriving the relation between the Verlinde algebra and the 
quantum cohomology of Grassmannian using compactification of a suitable Af ~ 2 d = 3 theory on a 
circle.^® 

Consider A/" = 2 d = 3 gauge theory with gauge group U{Nc) and k chiral multiplets qa, A = 
1, . . . in the fundamental representation. The action for the vector multiplet is taken to be the 
Af = 2 Chern-Simons action at level k/2. (For odd k this level is half-integer, precisely as required by 
the cancellation of gauge anomalies) . Let us analyze the vacuum structure of this model as a function 
of the FI parameter First suppose C < 0. Let the scalar cr have eigenvalues cri, i = 1, . . . ,Nc. If 
(Ti 7^ 0, vanishing of the potential requires q'j^ ~ for all A.. For such i the D-flatness condition implies 

The second term here is the contribution of the classical Chern-Simons term, while the third term 
is due to the shift of the Chern-Simons coupling arising from integrating k charged chiral multiplets 
g^, A = 1, . . . , fc. For C < this equation has a unique solution cr,; = —C,/k > 0. Thus all nonzero 
eigenvalues of a are equal and positive. On the other hand, if for some i we have ai — 0, then the 
D-flatness condition implies 

A=l 

For C < this equation has no solutions. We conclude that for ^ < the theory has a unique vacuum 
where cr = — C/fc. In this vacuum the gauge group is unbroken and all the matter fields are massive 
and can be integrated out. This shifts the Chern-Simons level from k/2 to k. We conclude that this 
vacuum is described by an A/" = 2 U{Nc) Chern-Simons theory at level fc > (and no matter fields). 
This theory exists provided k > Nc. For k < Nc and C < the theory must break supersymmetry 
spontaneously. 

Now suppose C > 0. Then the same argument shows that all eigenvalues of cr must vanish, and 
the D-flatness condition reads 

A=l 

For k > Nc the moduli space of solutions of this equation is the Grassmannian Gr{Nc, C''). Thus the 
low-energy theory is described by an A/" = 2 sigma-model with target Gr{Nc,C''). For k < Nc there 
is no supersymmetric vacuum, and the theory breaks supersymmetry spontaneously. 

Now let us compactly this theory on a circle of radius R. This gives a 2d theory with Af = (2, 2) 
supersymmetry. The effective 2d FI term depends on the RG scale /z and for /x much smaller than 
1/R is (with logarithmic accuracy) 

C2 = 2T:RC + klog{fiR). 

'^^We are grateful to K. Hori for help with this argument, and especially for pointing out that the right starting point 
is a Chern-Simons theory at level k/2 and k fundamentals. 
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Now, supersynimetry implies that the twisted chiral ring of this theory is determined by the IR physics 
alone. So if we fix /i and (,2 and start varying R and ^, wc must find the same twisted chiral ring 
regardless of the value of R. Suppose C2 is large and negative. Then 

2nRC = -fclog(/xi?el'^^l). 

This expression can have either sign, depending on the value of R. If it is positive, the effective 2d 
theory at energy scale is the M = (2, 2) sigma-model with target Gr{Nc, C'^). If it is negative, the 
effective 2d theory at energy scale 1/R is the compactification of the J\f ~ 2 Chern-Simons theory at 
level k. Thus the algebra of Wilson loops in the latter theory is isomorphic to the twisted chiral ring of 
the Grassmannian sigma-model. Or equivalently, to the quantum cohomology algebra of Gr{Nc,C''). 
This is the result which Witten obtained by analyzing the dynamics of the Grassmannian sigma-model 
[3]. 

If wc want to get the Verlinde algebra at negative level A: < 0, we just need to start with J\f = 
2 d ~ 3 U{Nc) gauge theory at level fc/2 coupled to |fc| chiral multiplets in the anti-fundamental 
representation. Repeating the above analysis, we find that for C > the 3d theory fiows to the M ~2 
U{Nc) Chern-Simons theory at level k, while for C < it flows to the J\f = 2 sigma-model with target 
Gr(iVc, Cl''l).Thus for either sign of k we get that the U{Nc)k Verlinde algebra is isomorphic to the 
quantum cohomology of Gr{Nc, C''^'). 

We can generalize this argument by adding Nf fundamental flavors {Nf pairs of fundamentals 
Qa and anti-fundamentals Q"). We give them opposite real masses ma,—ma,a = l,...,Nf. The 
Chern-Simons level in the UV is still fc/2. Then for fc > and C < exactly the same argument shows 
that there is a vacuum with a ~ —C,/k where the low-energy theory is U{Nc) Chern-Simons theory at 
level fc coupled to Nf flavors of fundamentals with real masses ma, —ma- Shifting a t-^ a + C/k we 
can set its expectation value to zero and simultaneously set the FI parameter to zero at the expense 
of shifting the real masses to nia — C/k, —{ma — C/fc)i « = 1: ■ • ■ : ^f- For Nf > and depending on 
the values of this vacuum may be part of the moduli space of vacua where the flelds Qa and Q°' 
get VEVs and Higgs the gauge group. But the fields qa all have vanishing VEVs because they are all 
massive. 

On the other hand, for C > we are forced to set a = 0, and then the moduli space of the 
D-flatness equations is the total space of Nf copies of the tautological bundle over Gr{Nc,C^f~^''). 
Let us denote this space T{Nf,Nc, k). Real masses induce a potential on this space 

Nf 
a=l 

where ^a is the vector field on T{k, Nc, Nf) corresponding to the U{1) action 

Qa ^ \Qa, ^ A-lg^ 

Now if we compactly this theory on a circle, the same arguments as above show that the twisted 
chiral ring of the 2c\N = (2, 2) sigma-model with target T{Nf, Nc, fc) deformed by real twisted masses 
nia, —ma must be isomorphic to the Wilson loop algebra in the U{Nc)k M = 2 Chern-Simons theory 
coupled to Nf fiavors of fundamentals with masses ma — c, —{ma — c). We allowed for a possibility that 
there could be an additional renormalization of the expectation value of a upon compactification to 2d, 

Formally, this follows from the existence of a semi- topological twist of the J\f = 2 d = 3 theory compacted on a circle 
such that varying R changes the action only by BRST-exact terms. 
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or equivalently an additional additive renormalization of real masses, and introduced an undetermined 
constant c. It is fixed by the requirement that the 3d gauge theory compactified on a circle develop 
flat directions for rria — c. 

If one wishes, one can deform the theory by a superpotential depending on the fields Q and Q, 
this does not affect the argument in any way. In particular, one can choose this superpotential to 
make the 3d theory Af ~ 3 supcrsymmetric. 

As far as we know, equivariant quantum cohomology of the spaces T{Nf^Nc,k) has not been 
computed. The GK duality predicts that equivariant quantum cohomology algebras of T{Nf,Nc,k) 
and T{Nf, \k\ +Nf — Nc, k) are isomorphic. Note that these spaces are vector bundles E®^f and F®^f 
over the same Grassmannian G'r(A^C7 C'^l+^-f ). Here E is the tautological bundle of rank Nc, and E 
is the complementary bundle of rank |fc| + Nf — Nc- The bundles in questions fit into an equivariant 
short exact sequence 

^ E®^f ^ V®^f ^ E®^f ^ 0, 

where V is the trivial bundle of rank |fc| +Nf with the obvious action oiU{l)^^ . Hopefully, this exact 
sequence might enable one to relate the equivariant quantum cohomology algebras of T{Nf, Nc, k) and 
T{Nf, \k\ + Nf — Nc, k) and show that they are indeed isomorphic. 

Actually, it appears that a more natural interpretation of our results is in terms of equivariant 
quantum K-theory of the spaces T{Nf,Nc,k). Indeed, while the equivariant quantum cohomology 
of T(Nf, Nc, k) is an algebra over the ring Z[g, , mi, . . . , mpf^.], where the variables live in the 
Lie algebra of U(l)^f. On the other hand, the equivariant quantum K-theory is an algebra over the 
representation ring of U{l)^f tensored with 'Z[q,q~^], that is, Z[g, q"^, ri, rj"^, . . . , rjy^ , r^^], where 
the variables ri, . . . , rjv^. live in U{1)^^ or its complexification. In our case the equivariant parameters 
are the exponentials of the 3d real masses, so it appears that the algebra of Wilson loops should be 
identified with the equivariant quantum K-theory of the space T{Nf, Nc, k). 

8 Appendix 

8.1 Derivation of Expression for $(— t)\E'p(t) 
Consider the following elements of TZ{U{N)): 

N N 

i=0 j=l 
oo N 

1=0 j=l 

Now, as in we take a polynomial p{x), and an associated polynomial p{t) — t'^^p{t^^), which we 
expand as: 

p{x) ~ x'^' + aiX^^"^ + ... -t- ttM-lX + ttM 

p{t) = 1 + ait + ... +aA/i^ 

Now let us define: 
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oo i oo 

1=0 i=0 i=0 
M-N 

i=0 

where we have defined the ipp^ on the first line as the coefficients of the infinite series ^f'p(i), and 5'p(i) 
is the truncation of this series after M — N terms. 

We now want to show that, in the quotient ring J^p^\ we have the relation: 

<^{-t)^p{t)=m (8.1) 

Recall that this quotient is given by R{U{N))/I, where we first define I' C I by relations: 

p{xj)^0, j = l,...,N 

and then I is defined by the set of elements / such that fV G I' , where, in this case, we can take V 
as the Vandermonde determinant: 



Thus it suffices to show that: 



m-t)^pit)-pit))V el' (8.2) 

First it is necessary to have a more explicit formula for the 1/)^ and "tpj. This is provided by the 
Weyl character formula applied to the group U{N), which associates to any partition p ~ (pi, pn), 
with pi > ... > Pn > 0, a symmetric function 0p{xi, ...,xn) via: 

where A^^ is defined for a strictly decreasing sequence w = (wi, ...,u!n) with uji > ... > lun > 0, by: 

and 6 ^ {N -1,N ~ 2, 0), so that A5 = V. 
Then we have: 

4>i = ^(1,...4,0,...,0) 



Thus we can write: 



— ^U,o, ■■■,()} 



M-N M-N j 

1=0 i=0 i=0 
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Now consider the first term in (8.2): 

^ N s M-N i 

'^{-t)%{t)v ^ ( n(i-^^.) E E (-i)'^^-(i)''"''"^"' n<^)' (8.3) 

where we have canceled V against the denominator in the Weyl character formula applied to Tpj . Then 
we get: 

TreSjv ^k>l ' i=0 i=j 

The last sum is a telescoping series, and we're left with: 



, s ,M-N M 

(8.4) 

The first and third terms have the form: 

for some n £ {1, A^}. After expanding the product into a sum of monomials, a given monomial will 
vanish by antisymmetry unless the powers of the x^^^}^^ are distinct. For n = 1. this forces us to take 
the first term in each factor of (1 — te^(j.)), and we're left simply with Y . If n > 1, then we see that 
for k < n, we must take the second term in (1 — ia;^(fe)), while for k > n, we take the first. Then we 
see that we obtain t"V, up to a sign which one can check is 1. Thus the expression (8.5) is simply: 

vr 

And we can rewrite the first and third terms in (8.4) as: 

. M-N M ^ 

Then, reinstating the second term and rearranging, we have the relation: 

($(-t)vI',(t)-p(i))F = -t^^-^+i (-l)"n(l-*^-w)<fc^(^-(i)) (8-6) 

irSSjv fc>l 

This relation is valid in R{U{N)), or any quotient thereof. We can see that the RHS is in X' , and so 
we obtain (8.2) as desired. 
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If wc denote by A'^^ the ring generated by the symbols 0^ and -0^^. subject to the relation (8.1), 
then what we have just shown amounts to the statement that there exists a homomorphism: 

g : Af^ ^ 

sending (f)i and ijjp^ to the (equivalence class containing) the symmetric polynomial defined above. 
Although we will not prove it here, we conjecture that this is actually an isomorphism. 

8.2 Derivation of Inductive Formula for {N,k,Nf) Wilson Loop Expectation Values 

In this section we prove the formula (5.6) expressing the Wilson loop expectation value in U{N) 
theories at level k with Nf flavors inductively in terms of those in theories with lower Nf . We follow 
the notation of Section 5.4. 

The formula will follow from considering two ways of rewriting the following quantity: 

I = Uin)^p. i-n) n n *p(^/^) ) 

First, note that $(rb) = 11^ (1 + e^^'^^J +'"'>)), and this cancels partially against the contribution of the 
6th flavor in the matrix model. There are extra factors of e'^'^^ which can be absorbed into a shift of 
C, and wc flnd: 

^ P I N,k,Nj-l-X-^,ma/mt 

where we have deflned: 



ai{N, fc, Nf, C, m„; TOb) = 6{N, fc, NfX, rua) - S{N, fc, iV/ - 1; C - -, ma/mf,) - -Nmt 

accounting also for the new phase canceling factor we must insert since Nf has changed. 

It is convenient to rewrite this insertion of in terms of ^'p^. Note that, even in the {Nf — 1) 
-flavor algebra, we have: 

This is because this relation uses only the vanishing of p{x), which also holds in the algebra Ap^\ 
since Pb{x) divides p{x). But note that this is precisely the same relation satisfied by the quantity 
4'pj(t)(l + trb^^). Since these relations can be used to solve for the coefficients of ^'p(t) and '^p^{t){l + 
trb) in terms of the (pi, they must be equal (in the {Nf — 1) flavor theory): 

«'p(i) = {i + tn-^)-^p{t) 

Thus we can write: 

I = e'""^ {-n) n H-tc) n(i + ntp)^p, {tp)\ 

\ P I JV,fc,JV/-l;C-^,ma/mb 

Now let us write / a different way. We can use (8.6) to rewrite the product (f>(rb)4'pj, (— r^), and 
we get: 
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\ ^ ireSjv J>1 ^ a /3 / 

\ " /5 ' N,k,NfX,m.^ 

Note that the second term is not zero because pb{xi) does not vanish in the {N, k,Nf) theory. When 
we attempt to repeat the contour shifting argument, we find that the poles are no longer all canceled 
by Pbix), specifically, there are poles from the 6th flavor at Ai = —mi, + ^. To see this explicitly, we 
write (using a mixed notation with both Xj and Xj = e^'^'^^ ): 

^! Iv-^Pbix,) n(i + nx,)x,''-^ n *(-^") n "^p^^yj 



N,k,NfX,m^ 



/■„___ g-fe^»A/+2^<A, Pb{xi)l\,^Jl + nXj)Xj^-^ „ 



— A; TT -i A J ^ + 2 7T -i A j 



, ,„ _ cosh7r(A,- + 7T„^, 
Now consider the integral over Ai, plugging in the form oi pb{xi) from above: 



^^^ n 2cosh.r(A.+m) n 2 sinh.(A.-Ai)xi^-^(l-(-l)^-+^/g-Xi'^) n(-i-a+l) H *(-^") 11 



By the usual logic, the factor of 1 — (— ^xi'"' allows us to rewrite this integral as a contour 
integral along the boundary C of the region < ImAi < 1: 



7cna2cosh7r(Ai+m,)ll \^ y 



We see all the poles in the denominator are canceled except the one at Ai = —nib + |. Evaluating the 
residue here gives: 



exp ( - kirii-nib + + 27r<(-mfc + -) + 2TnnbiN i- ) + — ( A^/ - iV) + tt ma 



X 
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X 2 cosh7r(A 



nib) 



Plugging this back into the expression above, we find the contribution of the 6th flavor is canceled, 
and we are left with (denoting by e"' the first line in the last equation): 



r —kTTi\j-^+2TTiQ\j+TT(N—j)\j 



\ na#b2cOSh7r(Aj +TOa) 



2>J 



Af-l,fe,Af/-l;C+^,ma/m6 



where we have defined: 



a-2.{N, fc, iV/; C, ma; Wft) = , fc, iV/; C, ma) - (5(iV - 1, fc, A^/ - 1; C + -, ma/mb)- 
-^(fc + ^/ - N)nih + ^ I^mb - Jfcmb^ - - + ifc + i^V/ - i 



a^6 



Consider the factor: 



ni>(-ia)n*p(^/j) 



When we plug in x\ = — ^ to $(— t^), we get simply: 



(1 + rf,-4„) - t^x^j) ^ (1 + rb-'ia)$(-ta) 

i>i 

where on the RHS we mean <&(— ^q,) in the (iV — l)-color theory. Similarly, for ^(i^), it is easiest to 
plug this in to the relation (8.6): 



1,M-N+ 



k>l 



But the RHS vanishes, because p{xj) = for j > 1 in the {N — l)-color theory and p{—rb ^) = 0. 
Thus we have: 



But this is precisely the same relation satisfied by '^p^{tp). By a similar argument as before, this 
means that we must have, in the (iV — 1, /c, Nf — 1) theory: 
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Putting this together, we find the second expression for /: 



I = Pbi-n) ( n '^i-tc) n ^^pitp) ) -e'"'"^ ( •^'(^^) 11(1 + n-h^M~t^) [] {t^) \ 

^ " ' N.k.NfX-ma \ a /3 / 7V-l,fc,Ar/-l;C+|,m„/mi, 

Equating these two expressions for / and rearranging to solve for the iV/-flavor expectation value, 
we find: 



^ " '3 ' N,k,Nf-C,ma 



\ a P I 



N-l,k,Nf-l;C+^,ma/mi 



agreeing with (5.6). 

The final step is to prove the relation (5.7) between ai and a2: 

a2iN,k,NfX,ma]mb) = ai{k + Nf - N, -k, Nf, -C,ma;mb) 
From above, we have: 

a2iN, k, Nf, C, rua] rub) = 6iN, k, Nf, (, nia) - 6iN -l,k,Nf-l-X+ 1, m Jm^)- 
-^(fc + Nf- N)mt + ^ - ^fcmb^ - ^( - (mt + ^k + ^Nf - ^ 

and: 

ai{k + Nf - N,-k,Nf,-(,ma;mb) = -ai{k + Nf - N,k,Nf,C ,ma*;mb*y 



-{S{k + Nf~N, k, Nf C, TOa*) - S{k + Nf - N, k, Nf -!;(*- ^, ™a7"i6*) - ^(fc + Nf - N)mb*y 



= 6{k + Nf^N, -~k, Nf -C, ma) - S{k + Nf - N, -k, Nf ^,ma/mb) - ^{k + Nf - N)mb 

Subtracting these two quantities, we find: 
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6{N, k, TV/; C, ma) - 6{N - 1, fc, A^/ - 1; C + -, m Jmf,)+ 
-^(fc + Nf - TV)mb + imf, + ^ ^ ?7ib - ifcmb^ + - C"i6 + + + J- 

-(5(fc + Nf-N, -k, Nf, -C, TOa) + S{k + Nf~N, -k, Nf -!;-(- ^, m Jm^) + ^(fc + Nf - N)mb 

Rewriting this in terms of j{k, Nf; nia) = S{k + Nf — N, —k, Nf; nia) — S{N, k, Nf; C, rUa) and 
simplifying, we get: 

-l{k,Nf;C,ma) +j{k,Nf - 1;C+ ■^,ma/mb)+ 

i v-^ 1, 2 I7 Iat 1 

+ 2 2^ '"b " 2 " 2'' " 8 ^ 4 " 4 

Finally, we need like to check that the definition for 7 given in (5.4) solves this inductive relation. 
Plugging in that definition, we find that the first two terms give: 

-i^ik' + 3(fc + Nf)iNf _ 2) + 2) + - ^fcE - CE™'^) + 

a a 

+{^ik' + 3{k + Nf - l)(iV/ - 3) + 2) + i(C + - ^fc ^ ma' - + ^) E "^'^) 

= ~l^f -^ + 1 + ^^^+ ^^b) + \kmb' - ^ E 
which cancels precisely against the remaining terms. This completes the proof. 
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